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❤②❞r♦❣❡❧s✳
❲✉ ❡t ❛❧✳ s❤♦✇❡❞ t❤❛t t❤❡ q✉❛❧✐t❛t✐✈❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣r♦t❡✐♥ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s ✭❞✉❝t✐❧✐t②✱
t♦✉❣❤♥❡ss✱ st✐✛♥❡ss ❡t❝✮ ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ t♦ t❤❡ ♠❛❝r♦s❝❛❧❡✱✷✻ ✐♥❞✐❝❛t✐♥❣ t❤❛t r❛t✐♦♥❛❧ ❞❡s✐❣♥
✐s ♣♦ss✐❜❧❡✳ ❘❡❝❡♥t❧②✱ ✉s✐♥❣ ♠❛❧t♦s❡ ❜✐♥❞✐♥❣ ♣r♦t❡✐♥ ✭▼❇P✮ ❛s t❤❡ ♣r♦t❡✐♥ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦✱
❍✉❣❤❡s ❡t ❛❧✳ ✇❡r❡ ❛❜❧❡ t♦ s❤♦✇ t❤❛t t❤❡ ✐♥tr✐♥s✐❝ ❢✉♥❝t✐♦♥❛❧✐t② ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣r♦t❡✐♥s ❝❛♥
❛❧s♦ ❜❡ ❡①♣❧♦✐t❡❞ ❛s ❛ ♣❛rt ♦❢ t❤✐s r❛t✐♦♥❛❧ ❞❡s✐❣♥ ♣r♦❝❡ss✳✷✼ ❇② ♠❡❛s✉r✐♥❣ t❤❡ ♠✉❧t✐✲s❝❛❧❡
str✉❝t✉r❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ▼❇P ❤②❞r♦❣❡❧s ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✈❛r②✐♥❣ ❛♠♦✉♥ts ♦❢ ♠❛❧t♦s❡✱
t❤❡② ✇❡r❡ ❛❜❧❡ t♦ s❤♦✇✱ ✉s✐♥❣ ❛ ✈❛r✐❡t② ♦❢ ❡①♣❡r✐♠❡♥t❛❧ t❡❝❤♥✐q✉❡s✱ t❤❛t ♥♦t ♦♥❧② ❞♦ ♠♦st ♦❢
t❤❡ ♣r♦t❡✐♥s st✐❧❧ ❡①✐st ✐♥ t❤❡✐r ❢♦❧❞❡❞ st❛t❡ ✇✐t❤✐♥ t❤❡ s✇❡❧❧❡❞ ♥❡t✇♦r❦✱ ❜✉t t❤❛t ♠❡❝❤❛♥✐❝❛❧❧②
str❡♥❣t❤❡♥✐♥❣ t❤♦s❡ ♣r♦t❡✐♥s ✈✐❛ ❜✐♥❞✐♥❣ ♠❛❧t♦s❡ str❡♥❣t❤❡♥s t❤❡ ♦✈❡r❛❧❧ ❤②❞r♦❣❡❧✳ ❚❤❡② ❛❧s♦
♣r♦✈✐❞❡ ❛ ♥♦✈❡❧ str✉❝t✉r❛❧ ❥✉st✐✜❝❛t✐♦♥ ❢♦r t❤❡s❡ ♦❜s❡r✈❛t✐♦♥s✳ ❊❛r❧✐❡r ❡①♣❡r✐♠❡♥ts ❜② ❉❛ ❙✐❧✈❛
❡t ❛❧✳ ❢✉rt❤❡r s❤♦✇❡❞ t❤❛t t❤❡ ❡✛❡❝t ♦❢ ❤❛✈✐♥❣ ✐♥t❡r♠❡❞✐❛t❡ str✉❝t✉r❡ ✐♥ t❤❡ ❢♦r♠ ♦❢ s♠❛❧❧
♣♦❧②♣r♦t❡✐♥s ❛❧s♦ tr❛♥s❧❛t❡s t♦ t❤❡ ♠❛❝r♦s❝❛❧❡✱✷✽ ❛♥❞ ❜❡s♣♦❦❡ s✐♠✉❧❛t✐♦♥s ❜② ❙❤♠✐❧♦✈✐❝❤ ❛♥❞
P♦♣❛ ❝♦♥✜r♠ t❤✐s✱✽ ❣♦✐♥❣ s♦ ❢❛r ❛s t♦ s✉❣❣❡st t❤❛t ♠❛❝r♦s❝♦♣✐❝ ❜❡❤❛✈✐♦✉r ❝♦✉❧❞ ❜❡ ✉s❡❞
t♦ ✐♥❢❡r ❡♥s❡♠❜❧❡ ♣r♦t❡✐♥ ✉♥❢♦❧❞✐♥❣ ❦✐♥❡t✐❝s✳ ■♥❞❡❡❞✱ r❡❝❡♥t ✇♦r❦ ❤❛s s✉❣❣❡st❡❞ t❤❛t ✐t ✐s
t❤❡ ♣r♦t❡✐♥ ✉♥❢♦❧❞✐♥❣ ✐ts❡❧❢ t❤❛t ❧❡❛❞s t♦ t❤❡ ❡♠❡r❣❡♥t ✈✐s❝♦❡❧❛st✐❝ ❜❡❤❛✈✐♦✉r ♠❡❛s✉r❡❞ ✐♥
♣r♦t❡✐♥ ❤②❞r♦❣❡❧s✳✷✼✱✷✾✱✸✵ ❋♦r t❤♦s❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❢✉❧❧ s❝♦♣❡ ♦❢ r❡s❡❛r❝❤ ✐♥ t❤✐s ❛r❡❛✱ ❛
❝♦♠♣r❡❤❡♥s✐✈❡ r❡✈✐❡✇ ❜② ▲✐ ❡t ❛❧✳ ✶ ✇❛s r❡❝❡♥t❧② ♣✉❜❧✐s❤❡❞✳
■♠♣♦rt❛♥t❧② ❢♦r t❤✐s ✇♦r❦✱ ●r❛❞ ❡t ❛❧✳ ✇❡r❡ r❡❝❡♥t❧② ❛❜❧❡ t♦ ❞❡s✐❣♥ ❤✐❣❤❧② s♣❡❝✐✜❝ ♥❡t✇♦r❦
❜✉✐❧❞✐♥❣ ❜❧♦❝❦s t♦ s❤♦✇ t❤❛t ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❝r♦ss✲❧✐♥❦✐♥❣ ❦✐♥❡t✐❝s✱ t❤❡ ♥❡t✇♦r❦ t♦♣♦❧♦❣②
♦❢ ❛ ❤②❞r♦❣❡❧ ❛✛❡❝ts ✐ts str❡ss r❡❧❛①❛t✐♦♥ ❝❛♣❛❜✐❧✐t✐❡s✳✸✶ ❲❤✐❧st ●r❛❞ ❡t ❛❧✳ ✉s❡❞ ✐♥t❡r♠❡❞✐✲
❛t❡ ❝♦✐❧❡❞✲❝♦✐❧s ❛s ❝r♦ss✲❧✐♥❦s ❜❡t✇❡❡♥ ♣♦❧②♠❡r ❝❤❛✐♥s✱ ♦t❤❡r ♠❡t❤♦❞s ♦❢ ❝r♦ss✲❧✐♥❦✐♥❣ ❛r❡
❛✈❛✐❧❛❜❧❡ s✉❝❤ ❛s ❞✐r❡❝t ❝♦✈❛❧❡♥t ❝r♦ss✲❧✐♥❦s ♦r ♣❤②s✐❝❛❧ ✐♥t❡r❛❝t✐♦♥s✳✸✷✱✸✸ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡✐r
✇♦r❦ ✐♠♣❧✐❡s t❤❛t ♠✐❝r♦s❝♦♣✐❝ ❝♦♥♥❡❝t✐✈✐t② ❧✐♠✐ts ♦♥ ❝r♦ss✲❧✐♥❦✐♥❣ ❝❛♥ ❛❧s♦ tr❛♥s❧❛t❡ t♦ t❤❡
♠❛❝r♦s❝❛❧❡✳ ❈♦rr❡s♣♦♥❞✐♥❣❧②✱ ❛t t❤❡ s✐♥❣❧❡ ♣r♦t❡✐♥ ❧❡✈❡❧ t❤❡r❡ ❛r❡ ❛ ✈❛r✐❡t② ♦❢ ❡①♣❡r✐♠❡♥t❛❧
t❡❝❤♥✐q✉❡s t❤❛t ❝❛♥ ❜❡ ❡♠♣❧♦②❡❞ t♦ ❡♥❣✐♥❡❡r t❤❡ s♣❡❝✐✜❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣r♦t❡✐♥ ❜✉✐❧❞✐♥❣
✸
❜❧♦❝❦s ✉s❡❞ t♦ ❢♦r♠ t❤❡s❡ t②♣❡s ♦❢ ♣r♦t❡✐♥✲❜❛s❡❞ ❤②❞r♦❣❡❧✳✷✷✱✸✹✱✸✺ ❇② ❝❤♦♦s✐♥❣ ❛ ❜❛s❡ ♣r♦t❡✐♥
s❡q✉❡♥❝❡ ❛♥❞ ✉s✐♥❣ st❛♥❞❛r❞ ❊✳❝♦❧✐ ❡①♣r❡ss✐♦♥ ♠❡t❤♦❞s✱✸✹ ✇❡ ❝❛♥ ❡✛❡❝t✐✈❡❧② ❝❤♦♦s❡ ❛♥ ✐♥✐t✐❛❧
s✐③❡✱ s❤❛♣❡ ❛♥❞ ♠❡❝❤❛♥✐❝❛❧ t②♣❡ ♦❢ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦✳✸✻ Pr♦t❡✐♥ ❡♥❣✐♥❡❡r✐♥❣ ❛r♦✉♥❞ t❤✐s ❜❛s❡
str✉❝t✉r❡ ❛❧❧♦✇s ✉s t♦ ❞❡s✐❣♥ s♣❡❝✐✜❝ r❡s✐❞✉❡s ✇❤✐❝❤✱ ✐❢ ❡①♣♦s❡❞ t♦ ❧✐❣❤t✱ ✇✐❧❧ r❛❞✐❝❛❧✐s❡✱ t❤✉s
♠❛❦✐♥❣ t❤❡♠ ❝❛♥❞✐❞❛t❡s ❢♦r ❝♦✈❛❧❡♥t ❝❤❡♠✐❝❛❧ ❝r♦ss✲❧✐♥❦✐♥❣✳✶ ❘✉t❤❡♥✐✉♠ ❝❛t❛❧②s❡❞ ❝r♦ss✲
❧✐♥❦✐♥❣ t❡❝❤♥✐q✉❡s✸✼ ❛r❡ ❝✉rr❡♥t❧② ✉s❡❞ ✐♥ ♦✉r ❣r♦✉♣✱✷✼ ✇❤❡r❡ ✭♣r✐♠❛r✐❧②✮ s✉r❢❛❝❡✲❛❝❝❡ss✐❜❧❡
t②r♦s✐♥❡ r❡s✐❞✉❡s ❛r❡ ♠❛❞❡ ❛❜❧❡ t♦ ❢♦r♠ ❝♦✈❛❧❡♥t ❜♦♥❞s ✇✐t❤ ♦♥❡ ❛♥♦t❤❡r ♦♥ ❡①♣♦s✉r❡ t♦
❧✐❣❤t✱ ❜✉t ❛s ✇✐t❤ st❛♥❞❛r❞ ♣♦❧②♠❡r ❤②❞r♦❣❡❧s✱ ♦t❤❡r ♠❡t❤♦❞s ❛r❡ ❛✈❛✐❧❛❜❧❡✸✷✱✸✸ ❛♥❞ ♠❛② ❜❡
s♦♠❡t✐♠❡s ❜❡ r❡q✉✐r❡❞✳✸✽ ❲❤✐❝❤❡✈❡r t❤❡ ❝❛s❡✱ ✐❢ t❤❡s❡ ❝r♦ss✲❧✐♥❦s ❛r❡ s♣❛rs❡ ❡♥♦✉❣❤✱ s✉❝❤
❛❧t❡r❛t✐♦♥s ♦✉❣❤t ♥♦t t♦ ❛✛❡❝t t❤❡ s❡❝♦♥❞❛r② ❛♥❞ t❡rt✐❛r② str✉❝t✉r❡s ♦❢ t❤❡ ♣r♦t❡✐♥s✱ ❣✐✈✲
✐♥❣ ✉s t✇♦ ♥❛♥♦s❝❛❧❡ ✈❛r✐❛❜❧❡s t♦ ❛❧t❡r ✇❤❡♥ ❞❡s✐❣♥✐♥❣ ❢♦❧❞❡❞ ♣r♦t❡✐♥✲❜❛s❡❞ ❤②❞r♦❣❡❧s✿ t❤❡
s✐♥❣❧❡✲♣r♦t❡✐♥ ❜✐♥❞✐♥❣ s✐t❡ ❞✐str✐❜✉t✐♦♥✱ ❛♥❞ t❤❡ s✐③❡ ♦❢ t❤❡ ♣r♦t❡✐♥ ✐ts❡❧❢✳ ❚♦❣❡t❤❡r ✇✐t❤ t❤❡
♦✈❡r❛❧❧ ♣r♦t❡✐♥ ❝♦♥❝❡♥tr❛t✐♦♥ ✴ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥✱ ✇❡ ❤❛✈❡ ❛ r✐❝❤✱ ❝♦♥tr♦❧❧❛❜❧❡ ♣❛r❛♠❡t❡r s♣❛❝❡
✇✐t❤ ✇❤✐❝❤ t♦ ❛❧t❡r t❤❡ ♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❢♦❧❞❡❞ ♣r♦t❡✐♥✲❜❛s❡❞ ❤②❞r♦❣❡❧s✳
❈✉rr❡♥t❧② ♠✐ss✐♥❣ ❢r♦♠ t❤❡ ✇❡❛❧t❤ ♦❢ r❡s❡❛r❝❤ ✐s ❛ ❞❡t❛✐❧❡❞ str✉❝t✉r❛❧ ❛♥❞ ♠❡❝❤❛♥✐❝❛❧
✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡s❡ s②st❡♠s s♣❛♥♥✐♥❣ t❤❡ ❜✐♦❧♦❣✐❝❛❧ ♠❡s♦s❝❛❧❡✳ ■t ❤❛s ❜❡❡♥ ♣r❡✈✐♦✉s❧②
♥♦t❡❞ t❤❛t ✇❤✐❧st ✇❡ ❝❛♥ ❝❤❛r❛❝t❡r✐s❡ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❊❈▼ ♠✐♠✐❝❦✐♥❣ ♠❛t❡r✐✲
❛❧s✱ ✐t ✐s ❞✐✣❝✉❧t t♦ ♣r❡❞✐❝t ✇❤❛t t❤❡s❡ ♣r♦♣❡rt✐❡s ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❦♥♦✇❧❡❞❣❡ ♦❢ ♦♥❧② t❤❡ s✐♥❣✉❧❛r
❝♦♠♣♦♥❡♥t str✉❝t✉r❡s✳✸✾ ❲✐t❤ st❛♥❞❛r❞ ♣♦❧②♠❡r ❤②❞r♦❣❡❧s✱ ✐♥ ❢❛❝t✱ t❤❡ ❵❢✉♥❞❛♠❡♥t❛❧ ✉♥✐t✬✱
❛s ✇❡ ♠✐❣❤t ❞❡✜♥❡ ❜② t❤❡ ❛✈❡r❛❣❡ ♣♦r❡ s✐③❡ ♦r ❛♠♦✉♥t ♦❢ ♣♦❧②♠❡r ❜❡t✇❡❡♥ ❝r♦ss✲❧✐♥❦s✱ r❡✲
♠❛✐♥s ❛❧♠♦st ✉♥❦♥♦✇♥ ✉♥t✐❧ t❤❡ ❤②❞r♦❣❡❧ ❤❛s ❢♦r♠❡❞✳ ❲❤✐❧st s♦♣❤✐st✐❝❛t❡❞ ♠♦❞❡❧s ❡①✐st
✇❤✐❝❤ ❝❛♥ ♠♦❞❡❧ t❤✐s s✇❡❧❧✐♥❣ ❜❡❤❛✈✐♦✉r✱ t❤❡② ❛r❡ ♦❢t❡♥ ❣❡♥❡r❛❧✱ ♠❛t❤❡♠❛t✐❝❛❧❧② ❝♦♥t✐♥✉♦✉s
♠♦❞❡❧s ✇❤✐❝❤ t❤❡r❡❢♦r❡ ❞♦ ♥♦t ❡①♣❧✐❝✐t❧② r❡❢❡r t♦ ✉♥❞❡r❧②✐♥❣ str✉❝t✉r❡✱ ❛♥❞ ❝❛♥ ❜❡ ❡♠♣✐r✐✲
❝❛❧❧② ♣❛r❛♠❡t❡r✐s❡❞ ❢♦r ❛❧♠♦st ❛♥② s②st❡♠✳✹✵✱✹✶ ❲✐t❤ ❣❧♦❜✉❧❛r ♣r♦t❡✐♥ ❤②❞r♦❣❡❧s ♦♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ ♦✉r ❢✉♥❞❛♠❡♥t❛❧ ✉♥✐t ♠✉st ❜❡ t❤❡ s✐♥❣❧❡ ❣❧♦❜✉❧❛r ♣r♦t❡✐♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡♥❣✐♥❡❡r❡❞ t♦
❤❛✈❡ ❛ s♣❡❝✐✜❝ ♣r♦♣❡rt✐❡s ❛♥❞ ✐s ✇❤❛t s✉❜s❡q✉❡♥t❧② ✉♥❢♦❧❞s ✉♣♦♥ s✇❡❧❧✐♥❣✳ ❋♦r ❞❡✈❡❧♦♣✐♥❣
r❛t✐♦♥❛❧ ❞❡s✐❣♥ ♣r✐♥❝✐♣❧❡s ❢♦r ♣r♦t❡✐♥ ❤②❞r♦❣❡❧s✱ t❤❡♥✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ✐♥✈❡st✐❣❛t❡ ❤♦✇ t❤❡s❡
✹
♥❛♥♦s❝❛❧❡ ♣r♦♣❡rt✐❡s tr❛♥s❧❛t❡ t♦ t❤❡ ♠❛❝r♦s❝❛❧❡✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❤✐❧st ✇❡ ♠❛② ❜❡ ❛❜❧❡ t♦
✐♥❢❡r ❛ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ s②st❡♠✲✇✐❞❡ ❝r♦ss✲❧✐♥❦✐♥❣ ❞❡♥s✐t② ❛♥❞ ♠❛❝r♦s❝♦♣✐❝ ♣r♦♣❡r✲
t✐❡s ♦❢ ♣r♦t❡✐♥ ❤②❞r♦❣❡❧s✱ ✐t ✐s ♥♦t ②❡t ❝❧❡❛r ❤♦✇ t❤❡s❡ ❞❡♥s✐t✐❡s ❡♠❡r❣❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
✐♥❞✐✈✐❞✉❛❧ ♣r♦t❡✐♥ str✉❝t✉r❡✳ ❙✐♠✐❧❛r❧②✱ ✇❤✐❧st ✇❡ ❛r❡ st❛rt✐♥❣ t♦ s❡❡ t❤❛t ♣r♦t❡✐♥ ✉♥❢♦❧❞✐♥❣
❝❛♥ ❝♦♥tr✐❜✉t❡ t♦✇❛r❞s ♠❡❞✐❛t✐♥❣ t❤❡ ❡❧❛st✐❝ r❡s♣♦♥s❡ t❤r♦✉❣❤♦✉t t❤❡ ❤②❞r♦❣❡❧ ♥❡t✇♦r❦✱✸✵
✐s ♥♦t ②❡t ❝❧❡❛r ✇❤✐❝❤ ♣r♦t❡✐♥s ✉♥❢♦❧❞ ❛♥❞ ✇❤②✳✹✷ ●✐✈❡♥ t❤❛t ✇❡ ❤❛✈❡ ❡①♣❡r✐♠❡♥t❛❧ ❝♦♥tr♦❧
♦✈❡r t❤❡ s✐♥❣❧❡ ♣r♦t❡✐♥ str✉❝t✉r❡✱ t❤❡s❡ q✉❡st✐♦♥s ❛r❡ ✈✐t❛❧ ✐♥ t❡r♠s ♦❢ r❛t✐♦♥❛❧ ❞❡s✐❣♥✳
❍❡r❡✱ ✇❡ ♣r❡s❡♥t ♦✉r ✐♥✐t✐❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ✐♥t♦ t❤❡ ❢♦r♠❛t✐♦♥ ♠❡❝❤❛♥✐s♠s ♦❢ ❢♦❧❞❡❞ ♣r♦t❡✐♥✲
❜❛s❡❞ ❤②❞r♦❣❡❧s ❛♥❞ t❤❡ s✉❜s❡q✉❡♥t ❤✐❡r❛r❝❤✐❝❛❧ ❡♠❡r❣❡♥❝❡ ♦❢ t❤❡✐r ♠❡s♦s❝♦♣✐❝ ♣r♦♣❡rt✐❡s✳
❯s✐♥❣ ❜❡s♣♦❦❡ ❝♦❛rs❡✲❣r❛✐♥❡❞ ♠❡s♦s❝❛❧❡ s✐♠✉❧❛t✐♦♥s✱ ✇❡ ♦❜s❡r✈❡ ❤♦✇ t❤❡ s♣❡❝✐✜❝ s✐③❡ ♦❢ t❤❡
✐♥❞✐✈✐❞✉❛❧ ♠♦♥♦♠❡r✐❝ ♣r♦t❡✐♥ s✉❜✉♥✐ts ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❝r♦ss✲❧✐♥❦ s✐t❡s ♦♥ ❡❛❝❤✱ t♦❣❡t❤❡r
✇✐t❤ t❤❡✐r ♦✈❡r❛❧❧ ❝♦♥❝❡♥tr❛t✐♦♥✱ ❛✛❡❝ts t❤❡ ❣r♦✇t❤ ❞②♥❛♠✐❝s ❛♥❞ r❡s✉❧t✐♥❣ str✉❝t✉r❛❧ ♣r♦♣✲
❡rt✐❡s ♦❢ ❢♦❧❞❡❞ ♣r♦t❡✐♥✲❜❛s❡❞ ❤②❞r♦❣❡❧s✱ ♣r✐♦r t♦ t❤❡ ♦♥s❡t ♦❢ s✇❡❧❧✐♥❣ ❛♥❞ s✉❜s❡q✉❡♥t ♣r♦t❡✐♥
✉♥❢♦❧❞✐♥❣✳ ❲❡ t❤❡♥ ❞✐s❝✉ss ❤♦✇ t❤❡s❡ str✉❝t✉r❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ✇✐❧❧ ❧✐❦❡❧② ❛✛❡❝t t❤❡ ❞✐str✐❜✉✲
t✐♦♥ ♦❢ ❢♦r❝❡ t❤r♦✉❣❤♦✉t t❤❡ ♥❡t✇♦r❦ ❛♥❞ t❤❡ r❡s✉❧t❛♥t ♠❡❝❤❛♥✐❝❛❧ ❜❡❤❛✈✐♦✉r ❛s t❤❡ ❤②❞r♦❣❡❧
❜❡❣✐♥s t♦ s✇❡❧❧✳
▼❡t❤♦❞s
❇✐♦◆❡t ✲ ❆ ❉②♥❛♠✐❝ ❙✐♠✉❧❛t✐♦♥ ▼♦❞❡❧
❚♦ ❛♥❛❧②s❡ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❢♦❧❞❡❞ ♣r♦t❡✐♥✲❜❛s❡❞ ❤②❞r♦❣❡❧ ♥❡t✇♦r❦s ✇❡ ✉t✐❧✐s❡❞ ❇✐♦◆❡t✱ ❛
s✐♠✉❧❛t✐♦♥ ♣❧❛t❢♦r♠ ❝✉rr❡♥t❧② ✉♥❞❡r ❞❡✈❡❧♦♣♠❡♥t ✐♥ ♦✉r ❣r♦✉♣✳ ❇✐♦◆❡t ♠♦❞❡❧s ❛ s❡t ♦❢ N
✐♥t❡r❛❝t✐♥❣ ♣r♦t❡✐♥s✱ ❡❛❝❤ ❛s ❛♥ ✐♥❞❡♣❡♥❞❡♥t✱ s♣❤❡r✐❝❛❧ ♦❜❥❡❝t ✇✐t❤ r❛❞✐✉s R✳ ■t ❛❧s♦ ♠♦❞✲
❡❧s ❡①♣❧✐❝✐t ❝♦♥♥❡❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ♣r♦t❡✐♥s ✭✐♥ ♦✉r ❝❛s❡✱ ❝♦✈❛❧❡♥t ❝❤❡♠✐❝❛❧ ❝r♦ss✲❧✐♥❦s✮ ❛s
❍♦♦❦❡❛♥ s♣r✐♥❣s ✇✐t❤ s♣r✐♥❣ ❝♦♥st❛♥t kcl ❛♥❞ ❡q✉✐❧✐❜r✐✉♠ ❧❡♥❣t❤ lcl✳ ❚❤❡s❡ ♦❜❥❡❝ts ❛r❡ s✐♠✲
✉❧❛t❡❞ ✉s✐♥❣ ❛ ❇r♦✇♥✐❛♥ ❞②♥❛♠✐❝s ❛♣♣r♦❛❝❤✱ ✇❤❡r❡ ❡❛❝❤ s♣❤❡r❡ ❤❛s ❛♥ ❛ss♦❝✐❛t❡❞ ✐s♦tr♦♣✐❝
❞r❛❣ λ = 6πµR ❞❡♣❡♥❞❡♥t ✉♣♦♥ t❤❡ ❧♦❝❛❧ ❜❛❝❦❣r♦✉♥❞ ✈✐s❝♦s✐t② µ✱ ❛♥❞ ✐s s✉❜❥❡❝t t♦ t❤❡r♠❛❧
✺
♥♦✐s❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✢✉❝t✉❛t✐♦♥✲❞✐ss✐♣❛t✐♦♥ t❤❡♦r❡♠✳
❆s ❞❡t❛✐❧❡❞ ✐♥ ♦✉r ♣r❡✈✐♦✉s ✇♦r❦✱✷✸ ❇✐♦◆❡t ♦❜❥❡❝ts ❤❛✈❡ r❡❛❧✱ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♣❤②s✐❝❛❧
str✉❝t✉r❡ ❛♥❞ t❤✉s✱ t❤❡ ❞❡✜♥❡❞ ❝❤❡♠✐❝❛❧ ❝r♦ss✲❧✐♥❦s ❝♦♥♥❡❝t ♣r♦t❡✐♥s t♦ ♦♥❡ ❛♥♦t❤❡r ❛t ♣♦✐♥t✲
❧✐❦❡ ❜✐♥❞✐♥❣ s✐t❡s ❞❡✜♥❡❞ ❡①♣❧✐❝✐t❧② ❛t t❤❡ s✉r❢❛❝❡✳ ❚♦❣❡t❤❡r ✇✐t❤ ❛ s♦❢t✲❝♦r❡ st❡r✐❝ ♣♦t❡♥t✐❛❧✱
t❤✐s ❡♥❛❜❧❡s st✐✛♥❡ss ❛♥❞ ♣❡r❝♦❧❛t✐♦♥ t♦ ❤✐❡r❛r❝❤✐❝❛❧❧② ❡♠❡r❣❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥❡t✇♦r❦
❝♦♥♥❡❝t✐✈✐t② ❛♥❞ ✐♥❞✐✈✐❞✉❛❧ s✉❜✉♥✐t ♣r♦♣❡rt✐❡s ❛s t❤❡ s✐♠✉❧❛t✐♦♥ ♣r♦❣r❡ss❡s✳ ❚❤✐s st❡r✐❝










✇❤❡r❡ Vo ✐s t❤❡ ✈♦❧✉♠❡ ♦✈❡r❧❛♣ ❜❡t✇❡❡♥ t✇♦ s♣❤❡r❡s✱ Acs ✐s t❤❡ ❝r♦ss✲s❡❝t✐♦♥❛❧ ❛r❡❛ ♦❢ ❡❛❝❤
s♣❤❡r❡ ❛♥❞ ❤❡♥❝❡✱ ks ✐s ❛ ❧✐♥❡❛r st✐✛♥❡ss ❝♦♥st❛♥t ✇✐t❤ ✉♥✐ts ❝♦♠♣❛r❛❜❧❡ t♦ ❛ ❍♦♦❦❡❛♥
s♣r✐♥❣✳ ❍♦✇❡✈❡r✱ ❜❡❝❛✉s❡ t❤❡ ♣♦t❡♥t✐❛❧ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✈♦❧✉♠❡ ♦✈❡r❧❛♣✱ t❤❡♥ Us s❝❛❧❡s
✇✐t❤ r6✱ ✇❤❡r❡ r ✐s t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ s♣❤❡r❡s✱ ❛♥❞ ✇✐t❤ R6✳ ❍❡♥❝❡✱ ❊q✳ ✶ ❛❧❧♦✇s ✉s t♦
✐♠♣❧✐❝✐t❧②✱ ❜✉t ❡✣❝✐❡♥t❧②✱ ❝❛♣t✉r❡ t❤❡ ❡✛❡❝ts ♦❢ ✐♥tr✐♥s✐❝ st✐✛♥❡ss ❛♥❞ ✈♦❧✉♠❡tr✐❝ ❞❡❢♦r♠❛t✐♦♥✳
❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ✐♥ ♦✉r s✐♠✉❧❛t✐♦♥ ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶✳
❆s t❤❡ ❜✐♥❞✐♥❣ s✐t❡s ❛r❡ ❧♦❝❛t❡❞ ❡①♣❧✐❝✐t❧② ❛t t❤❡ s✉r❢❛❝❡ ♦❢ ❡❛❝❤ ♣r♦t❡✐♥✱ t❤❡✐r ❧♦❝❛❧ ❣❡♦✲
♠❡tr✐❝ ♦r❣❛♥✐s❛t✐♦♥ ♦♥ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ ♣r♦t❡✐♥ ✐s ❛ ♣❛r❛♠❡t❡r ♦❢ ✐♠♣♦rt❛♥❝❡✳ ❚❤❡r❡❢♦r❡✱ ✐♥
❛❞❞✐t✐♦♥ t♦ tr❛♥s❧❛t✐♦♥❛❧ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✱ ✇❡ ✐♥❝❧✉❞❡ t❤❡ r♦t❛t✐♦♥❛❧ ♠♦t✐♦♥ ♦❢ ❡❛❝❤ s♣❤❡r❡
✇✐t❤✐♥ ♦✉r ❇✐♦◆❡t ♠♦❞❡❧✱ ✇✐t❤ ❛ss♦❝✐❛t❡❞ r♦t❛t✐♦♥❛❧ ❞r❛❣ ❛♥❞ t❤❡r♠❛❧ ♥♦✐s❡ ✐♥❝❧✉❞❡❞✳✹✸
❆s t❤❡s❡ s✐♠✉❧❛t✐♦♥s ❛r❡ ♣r✐♠❛r✐❧② ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❢♦r♠❛t✐♦♥ ❛♥❞ str✉❝t✉r❛❧ ❝❤❛r✲
❛❝t❡r✐st✐❝s ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ♥❡t✇♦r❦s ♦❢ ♣r♦t❡✐♥ ❤②❞r♦❣❡❧s✱ ❛♥❞ ♥♦t t❤❡✐r ♠❡❝❤❛♥✐❝❛❧ r❡s♣♦♥s❡✱
✇❡ ❤❛✈❡ ❡①♣❧✐❝✐t❧② ❝❤♦s❡♥ ♥♦t t♦ ✐♥❝❧✉❞❡ ♣r♦t❡✐♥ ✉♥❢♦❧❞✐♥❣ ❛t t❤✐s st❛❣❡✳ ◆❡✈❡rt❤❡❧❡ss✱ ♦✉r
st✉❞② ♣r♦✈✐❞❡s ❡✈✐❞❡♥❝❡ ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ♠❡❝❤❛♥✐s♠s ✇❤✐❝❤ ♠❛② ❧❡❛❞ t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢
♣r♦t❡✐♥ ✉♥❢♦❧❞✐♥❣ ✇✐t❤✐♥ ❛ ❤②❞r♦❣❡❧ ♥❡t✇♦r❦ ❛♥❞ ✇✐❧❧ ❜❡ t❤❡ t♦♣✐❝ ♦❢ ❢✉t✉r❡ r❡s❡❛r❝❤✳
✻
❙✐♠✉❧❛t✐♥❣ ❈❤❡♠✐❝❛❧ ❈r♦ss✲❧✐♥❦✐♥❣
❲✐t❤✐♥ ❇✐♦◆❡t s✐♠✉❧❛t✐♦♥s✱ ✐❢ ❝r♦ss✲❧✐♥❦✐♥❣ ✐s ❡♥❛❜❧❡❞✱ t❤❡♥ ✐❢ t✇♦ ❜✐♥❞✐♥❣ s✐t❡s ♦♥ t✇♦
❞✐✛❡r❡♥t ♣r♦t❡✐♥s ❝♦♠❡ ✇✐t❤✐♥ ❛ ❞✐st❛♥❝❡ ♦❢ 2lcl ♦❢ ♦♥❡ ❛♥♦t❤❡r ❛♥❞ ❛r❡ ♥♦t ❛❧r❡❛❞② ❜♦♥❞❡❞✱
t❤❡♥ ❛ ❜♦♥❞ ✇✐❧❧ ❢♦r♠ ❜❡t✇❡❡♥ t❤❡♠✳ ❚❤❡s❡ ❜♦♥❞s ❛r❡ ♥♦t ♣❡r❢❡❝t❧② r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ❛ r❡❛❧
❝❛r❜♦♥✲❝❛r❜♦♥ ❜♦♥❞ ❛s t❤❡ tr✉❡ st✐✛♥❡ss ♦❢ t❤❡s❡ ❜♦♥❞s ✇♦✉❧❞ s❡✈❡r❡❧② ❧✐♠✐t ♦✉r ♥✉♠❡r✐❝❛❧
✐♥t❡❣r❛t✐♦♥ t✐♠❡st❡♣✳✹✹ ■♥st❡❛❞✱ ✇❡ s❡t t❤❡ st✐✛♥❡ss ❜② ❧❡tt✐♥❣ t❤❡ ✢✉❝t✉❛t✐♦♥s ❛❜♦✉t t❤❡
❡q✉✐❧✐❜r✐✉♠ ❧❡♥❣t❤ ♦❢ t❤✐s ❜♦♥❞ t♦ ❜❡ ❛ ❢❛❝t♦r ♦❢ t❡♥ ❧♦✇❡r t❤❛♥ t❤❡ s♠❛❧❧❡st r❛❞✐✉s ✉s❡❞✱
❛♥❞ t❤❡r❡❢♦r❡ ❡✛❡❝t✐✈❡❧② ♥❡❣❧✐❣✐❜❧❡✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t t❤❡ ❡♥❡r❣② ✇❡❧❧ ✐s s♦ ❞❡❡♣ ✐♥ t❤❡s❡
❜♦♥❞s t❤❛t✱ ♦♥❝❡ ❢♦r♠❡❞✱ t❤❡② ❝❛♥♥♦t ❜r❡❛❦✳ ❲❤✐❧st ❇✐♦◆❡t ✐s ❛❧s♦ ❝❛♣❛❜❧❡ ♦❢ ✐♥tr♦❞✉❝✐♥❣ ❛
❝r♦ss✲❧✐♥❦✐♥❣ r❡❛❝t✐♦♥ r❛t❡✱ s✉❝❤ t❤❛t ❡❛❝❤ ❜✐♥❞✐♥❣ s✐t❡ ❤❛s ❛ ♣r♦❜❛❜✐❧✐t② ♦❢ ❜❡✐♥❣ ❵❛❝t✐✈❡✬ ♦r
♥♦t✱ ✇❡ ❤❛✈❡ ♥♦t ✐♥✈❡st✐❣❛t❡❞ t❤❛t ♣❛r❛♠❡t❡r ✐♥ t❤❡s❡ s✐♠✉❧❛t✐♦♥s✳ ❍❡♥❝❡✱ ♦✉r s✐♠✉❧❛t✐♦♥s
❝❛♥ ❜❡ ❛ss✉♠❡❞ t♦ ❜❡ ✇✐t❤✐♥ t❤❡ r❡❣✐♠❡ ♦❢ ❞✐✛✉s✐♦♥✲❧✐♠✐t❡❞ ❛❣❣r❡❣❛t✐♦♥✳✹✺ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡
❡①♣❧✐❝✐t ♣♦s✐t✐♦♥✐♥❣ ♦❢ ❝r♦ss✲❧✐♥❦s ♦♥ t❤❡ s✉r❢❛❝❡ ♦❢ ❡❛❝❤ ♣r♦t❡✐♥ ❡♥❛❜❧❡s r❡❛❧ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧
♣❡r❝♦❧❛t✐♥❣ ♥❡t✇♦r❦s t♦ ❢♦r♠✱ ✇✐t❤ str✉❝t✉r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s♣❡❝✐✜❝ ❝r♦ss✲❧✐♥❦s t❤❛t ❢♦r♠
❛♥❞ ✇✐t❤ r✐❣✐❞✐t② ❞❡t❡r♠✐♥❡❞ ❜② s♦♠❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ♣r♦t❡✐♥✲♣r♦t❡✐♥ ❜♦♥❞s ❛♥❞ t❤❡
s♦❢t✲❝♦r❡ st❡r✐❝ ♣♦t❡♥t✐❛❧✳✷✸
❙✐♠✉❧❛t✐♦♥ ❙✉✐t❡ ❛♥❞ Pr♦t♦❝♦❧s
❖✉r s✐♠✉❧❛t✐♦♥s ❝♦♥s✐st ♦❢ ❛ ♣❛r❛♠❡t❡r s✇❡❡♣ ♦✈❡r ❛ ✈❛r✐❡t② ♦❢ ❞✐✛❡r❡♥t ♣r♦t❡✐♥ ✈♦❧✉♠❡
❢r❛❝t✐♦♥s✱ fv✱ ♣r♦t❡✐♥ ❝r♦ss✲❧✐♥❦✐♥❣ ✴ ❜✐♥❞✐♥❣ s✐t❡ t♦♣♦❧♦❣✐❡s✱ ✇❤✐❝❤ ❛r❡ ❧❛❜❡❧❧❡❞ s✐♠♣❧② ❜② t❤❡
♥✉♠❜❡r ♦❢ s✐t❡s ♣❡r ♣r♦t❡✐♥✱ Ns✱ ❛♥❞ t✇♦ ♣r♦t❡✐♥ s✐③❡s r❡♣r❡s❡♥t❡❞ ❜② t❤❡✐r r❛❞✐✉s R✳ ❚❛❜❧❡
✶ ❣✐✈❡s t❤❡ s♣❡❝✐✜❝ ✈❛❧✉❡s ✉s❡❞✱ ❛♥❞ ❋✐❣✉r❡ ✶ s❤♦✇s t❤❡ str✉❝t✉r❡s ♦❢ ❡❛❝❤ ♦❢ t❤❡ ♣r♦t❡✐♥
♠♦♥♦♠❡rs✳
❲❡ ❝❤♦s❡ ♦✉r ♣r♦t❡✐♥ r❛❞✐✐ t♦ r❡♣r❡s❡♥t s♦♠❡ ♦❢ t❤❡ s♣❡❝✐✜❝ s②st❡♠s ❜❡✐♥❣ ❝♦♥s✐❞❡r❡❞
✐♥ ♦✉r ❣r♦✉♣✱✷✼ ✇❤❡r❡❛s t❤❡ ✈❛❧✉❡s ♦❢ Ns ✇❡r❡ ❝❤♦s❡♥ t♦ ❣✐✈❡ ❛ r❛♥❣❡ ♦❢ r♦t❛t✐♦♥❛❧ s②♠♠❡✲
tr✐❡s ❢♦r ❡❛❝❤ s✉❜✉♥✐t✳ ❋✐♥❛❧❧②✱ t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s ✇❡r❡ ❝❤♦s❡♥ t♦ ❝♦✈❡r ♠✉❝❤ ♦❢ t❤❡
r❛♥❣❡ ♦❢ ❡①✐st✐♥❣ ❡①♣❡r✐♠❡♥t❛❧ ✇♦r❦ t❤r♦✉❣❤♦✉t t❤❡ ❧✐t❡r❛t✉r❡ ❝♦♥❝❡r♥✐♥❣ ❣❧♦❜✉❧❛r ♣r♦✲
✼
❚❛❜❧❡ ✶✿ ▲❡❢t✿ ❚❤❡ ♣❤②s✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♣❛r❛♠❡t❡rs ✉s❡❞ t❤❛t ❛r❡ ❝♦♥st❛♥t ❛❝r♦ss ❛❧❧ s✐♠✉❧❛✲
t✐♦♥s✳ ❘✐❣❤t✿ ❚❤❡ r❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ♣❛r❛♠❡t❡rs ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤✐s ✇♦r❦✳
❈♦♥st❛♥t ❱❛r✐❛❜❧❡
P❛r❛♠❡t❡r ❱❛❧✉❡ P❛r❛♠❡t❡r ❱❛❧✉❡s
◆✉♠❜❡r ♦❢ ♣r♦t❡✐♥s✱ N ✶✵✵✵✵ ❙✐t❡s ♣❡r ♣r♦t❡✐♥✱ Ns ✹✱✻✱✽✱✶✹
❙t❡r✐❝ ❡❧❛st✐❝ ❝♦♥st❛♥t✱ ks ✶✺✻✵ ♣◆✳♥♠ ❱♦❧✉♠❡ ❢r❛❝t✐♦♥✱ fv ✵✳✺✪✱ ✶✪✱ ✺✪✱ ✼✪✱ ✶✵✪
❈r♦ss✲❧✐♥❦ ❡❧❛st✐❝ ❝♦♥st❛♥t kcl ✹✶✶ ♣◆✳♥♠ Pr♦t❡✐♥ r❛❞✐✉s✱ R ✶♥♠✱✷✳✺♥♠
❈r♦ss✲❧✐♥❦ ❡q✉✐❧✐❜r✐✉♠ ❧❡♥❣t❤✱ lcl ✵✳✶✺ ♥♠
❇❛❝❦❣r♦✉♥❞ ✈✐s❝♦s✐t②✱ µ ✵✳✵✵✶ P❛✳s
t❡✐♥ ❤②❞r♦❣❡❧s✳✶✱✽✱✾✱✷✻✱✷✾✱✸✵✱✹✻✕✹✾ ■t ❤❛s ❜❡❡♥ ♥♦t❡❞ t❤❛t ♠❛♥② ❡①♣❡r✐♠❡♥ts ✐♥✈♦❧✈✐♥❣ ❣❧♦❜✉✲
❧❛r ♣r♦t❡✐♥ ❤②❞r♦❣❡❧s ❛r❡ ♣❡r❢♦r♠❡❞ ❛t r❡❧❛t✐✈❡❧② ❤✐❣❤ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s✱ ♦❢t❡♥ ❝❧♦s❡ t♦ t❤❡
s♦❧✉❜✐❧✐t② ❧✐♠✐t✳✷✻✱✹✻ ❆ss✉♠✐♥❣ ❛ ♣r♦t❡✐♥ ❞❡♥s✐t② ♦❢ 1.35❣✴❝♠3 ✺✵ ❛♥❞ t❛❦✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢
100♠❣✴♠❧ q✉♦t❡❞ ❜② ❲✉ ❡t ❛❧✳ ✱✷✻ t❤❡♥ ♣r♦t❡✐♥ ❤②❞r♦❣❡❧s ❛r❡ ✉s✉❛❧❧② ❡①♣❡r✐♠❡♥t❛❧❧② ❢♦r♠❡❞
❛t fv >∼ 0.07✳ ❲✐t❤ ❛♥ ❛♣♣r♦①✐♠❛t❡ ❧♦✇❡r ❧✐♠✐t ❢♦r t❤❡ ♠✐♥✐♠✉♠ ❣❡❧❛t✐♦♥ ❝♦♥❝❡♥tr❛t✐♦♥
❢♦r ❜♦✈✐♥❡ s❡r✉♠ ❛❧❜✉♠✐♥ ✭❇❙❆✮ ❤②❞r♦❣❡❧s ♦❢ ✵✳✼♠▼✾ ✭fv ∼ 0.01✮✱ ✇❡ ✇❛♥t❡❞ t♦ ❜♦t❤ ❝♦✈❡r
t❤✐s r❛♥❣❡✱ ❛♥❞ ♦❜s❡r✈❡ t❤❡ ♣♦t❡♥t✐❛❧ ❝❛✉s❡s ♦❢ t❤✐s ✐♥❛❜✐❧✐t② t♦ ❢♦r♠ ❛ ❣❡❧ ❛t ❧♦✇ fv ❛s ♣❛rt
♦❢ t❤✐s ✐♥✈❡st✐❣❛t✐♦♥✳
❋♦r ❡❛❝❤ ♦❢ t❤❡ ♣♦ss✐❜❧❡ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ✈❛r✐❛❜❧❡ ♣❛r❛♠❡t❡rs ✐♥ ❚❛❜❧❡ ✶✱ ✇❡ ♣❡r❢♦r♠❡❞
t❤r❡❡ ✐♥❞❡♣❡♥❞❡♥t s✐♠✉❧❛t✐♦♥s ❢♦r st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s✳ ❉✉❡ t♦ t❤❡ ♣♦t❡♥t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡
✐♥✐t✐❛❧ st❛t❡ ♦❢ t❤❡ s✉❜s❡q✉❡♥t ♥❡t✇♦r❦ t❤❛t ❢♦r♠s ❢♦r ❞✐✛✉s✐♦♥✲❧✐♠✐t❡❞ ❛❣❣r❡❣❛t✐♥❣ s②st❡♠s✱
r✐❣♦r♦✉s t❤❡r♠♦❞②♥❛♠✐❝❛❧❧② ❝♦♥s✐st❡♥t r❛♥❞♦♠✐s❛t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ✇❛s ♣❡r❢♦r♠❡❞✱ ❛s
❞❡t❛✐❧❡❞ ✐♥ t❤❡ ❙✉♣♣❧❡♠❡♥t❛r② ■♥❢♦r♠❛t✐♦♥✳ ❆❧❧ r❡s✉❧ts s❤♦✇♥ ❤❛✈❡ ❜❡❡♥ ❛✈❡r❛❣❡❞ ♦✈❡r t❤❡s❡
t❤r❡❡ r❡♣❡❛ts✱ ✇✐t❤ st❛♥❞❛r❞ ❡rr♦rs ❝❛❧❝✉❧❛t❡❞ ❜② ❛ss✉♠✐♥❣ ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞ ✈❛r✐❛t✐♦♥s
❜❡t✇❡❡♥ r❡♣❡❛ts✳ ❚♦ ❛❝❤✐❡✈❡ ♥✉♠❡r✐❝❛❧ st❛❜✐❧✐t② ❛♥❞ ❛❝❝✉r❛❝② ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s✱ ♦✉r ♥✉✲
♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ t✐♠❡st❡♣ dt ✇❛s s❡t t♦ ❜❡ ❛ ❢❛❝t♦r ♦❢ t❡♥ ❧♦✇❡r t❤❛♥ t❤❡ ❢❛st❡st ❡st✐♠❛t❡❞
t✐♠❡ s❝❛❧❡ ✇✐t❤✐♥ t❤❡ s②st❡♠✳ ❲❡ ❛ss✉♠❡❞ t❤✐s t♦ ❜❡ t❤❡ r❡❧❛①❛t✐♦♥ ♦❢ t❤❡ ♣❡r♠❛♥❡♥t ❝❤❡♠✲
✐❝❛❧ ❝r♦ss✲❧✐♥❦s ❞✉❡ t♦ t❤❡♠ ❜❡✐♥❣ t❤❡ ♠♦st r✐❣✐❞ ♠❡❝❤❛♥✐❝❛❧ ♦❜❥❡❝ts ✐♥ t❤❡ s②st❡♠✳ ❍❡♥❝❡✱
dt = 4.59♣s✳
✽
❋✐❣✉r❡ ✶✿ ❚❤❡ str✉❝t✉r❛❧ ❝♦♠♣♦♥❡♥ts ✉s❡❞ ❛♥❞ s✉❜s❡q✉❡♥t ❢♦r♠❛t✐♦♥ ♦❢ ❛ ♣r♦t❡✐♥ ❤②❞r♦❣❡❧
♥❡t✇♦r❦ ✇✐t❤✐♥ ❛ ❇✐♦◆❡t s✐♠✉❧❛t✐♦♥✳ ❛✮ ❚❤❡ ❢♦✉r t②♣❡s ♦❢ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ✭❜❧✉❡ s♣❤❡r❡s✮ ✉s❡❞✱
❞❡✜♥❡❞ ❜② t❤❡ ❞✐✛❡r❡♥t ❝r♦ss✲❧✐♥❦ s✐t❡ t♦♣♦❧♦❣✐❡s ✭s♠❛❧❧❡r ❣r❡② s♣❤❡r❡s✮✳ ✐✮ Ns = 4✱ s✐t❡s ✐♥ ❛
t❡tr❛❤❡❞r❛❧ ❛rr❛♥❣❡♠❡♥t✳ ✐✐✮Ns = 6✱ s✐t❡s ✐♥ ❛ ❝✉❜✐❝ ✭❢❛❝❡✲❝❡♥t❡r❡❞✮ ❛rr❛♥❣❡♠❡♥t✳ ✐✐✐✮Ns = 8✱
s✐t❡s ✐♥ ❛ ❝✉❜✐❝ ✭❝♦r♥❡rs✮ ❛rr❛♥❣❡♠❡♥t✳ ✐✈✮ Ns = 14✱ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ Ns = 6 ❛♥❞ Ns = 8
t♦♣♦❧♦❣✐❡s✳ ❜✮ ❆ r❡♣r❡s❡♥t❛t✐✈❡ str✉❝t✉r❡ ♦❢ ❛ ♠❡❝❤❛♥✐❝❛❧❧② r❡❧❛①❡❞ ✐♥✐t✐❛❧ st❛t❡ ♦❢ ❛ ❇✐♦◆❡t
s✐♠✉❧❛t✐♦♥ ❜❡❢♦r❡ ❝r♦ss✲❧✐♥❦✐♥❣ ✐s ✐♥✐t✐❛t❡❞✳ ❝✮ ❚❤❡ ✜♥❛❧ st❛t❡ ♦❢ ❛ s✐♠✉❧❛t✐♦♥ ♣❡r❢♦r♠❡❞ ✇✐t❤
Ns = 8 ❝r♦ss✲❧✐♥❦ s✐t❡s✱ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ fv = 0.05 ❛♥❞ ♣r♦t❡✐♥ r❛❞✐✉s R = 1♥♠✳ ▼♦✈✐❡s




❚❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ♥❡t✇♦r❦ ❝♦♦r❞✐♥❛t✐♦♥ ❛♥❞ s♣❛t✐❛❧ ❝r♦ss✲❧✐♥❦ ❞❡♥s✐t②
■♥ st❛♥❞❛r❞ ❜✐♦♣♦❧②♠❡r ♥❡t✇♦r❦s ❛♥❞ ❤②❞r♦❣❡❧s✱ t❤❡ ❞❡♥s✐t② ♦❢ ❝r♦ss✲❧✐♥❦s ✐s r❡❧❛t❡❞ t♦ t❤❡
r❡s✉❧t❛♥t ♥❡t✇♦r❦ ❡❧❛st✐❝✐t②✳✺✶ ❲❡ t❤❡r❡❢♦r❡ ❜❡❣✐♥ ♦✉r ❛♥❛❧②s✐s ❜② ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥
♦❢ ❜♦t❤ t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ❝r♦ss✲❧✐♥❦s ❢♦r♠❡❞ ♦♥ ❡❛❝❤ ♣r♦t❡✐♥ ✭t❤❡ ❝r♦ss✲❧✐♥❦ ❝♦♦r❞✐♥❛t✐♦♥
♥✉♠❜❡r✮✱ Ccl✱ ❛♥❞ t❤❡ ❛✈❡r❛❣❡ s♣❛t✐❛❧ ❝r♦ss✲❧✐♥❦ ♥✉♠❜❡r ❞❡♥s✐t②✱ ncl✳ ❲❤✐❧st t❤❡s❡ ✈❛❧✉❡s
❛r❡ ❞✐r❡❝t❧② r❡❧❛t❡❞✱ ❞✐✛❡r✐♥❣ ♦♥❧② ❜② ❛ s❝❛❧✐♥❣ ❢❛❝t♦r✱ t❤❡✐r ✐♥❞✐✈✐❞✉❛❧ ✐♥t❡r♣r❡t❛t✐♦♥s ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ♦✈❡r❛❧❧ ❤✐❡r❛r❝❤✐❝❛❧ str✉❝t✉r❛❧ ♦r❣❛♥✐s❛t✐♦♥ ✐s ♦❢ ✈✐t❛❧ ✐♠♣♦rt❛♥❝❡✳
❱✐s✉❛❧ ✐♥s♣❡❝t✐♦♥ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s s❤♦✇ t❤❛t ✐♥t❡r♠❡❞✐❛t❡ ❝❧✉st❡rs ❢♦r♠✱ ✇❤✐❝❤ ❝♦♥t✐♥✉❡
t♦ ❥♦✐♥ ✉♥t✐❧ ♣❡r❝♦❧❛t✐♦♥ ✐s r❡❛❝❤❡❞✳ ❲❡ ❞❡✜♥❡ ❛ ❝❧✉st❡r ❛s ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♥❡t✇♦r❦ ♦❢ ♥♦❞❡s
❛♥❞ ❝♦♥♥❡❝t✐♦♥s✱ s✉❝❤ t❤❛t t✇♦ ♣r♦t❡✐♥s ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝❧✉st❡r ✐❢ t❤❡② ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ s♦♠❡
✇❛② ❜② ✐♥t❡r♠❡❞✐❛t❡ ❜♦♥❞s ❛♥❞ ♣r♦t❡✐♥s✳ ❚❤✉s✱ ♦✉r ❞❡✜♥✐t✐♦♥ ♦❢ ❝❧✉st❡rs ❤❛s ❧✐tt❧❡ t♦ ❞♦ ✇✐t❤
❤♦✇ t❤❡s❡ ♦❜❥❡❝ts ❣❡♦♠❡tr✐❝❛❧❧② ♣❛❝❦ ✐♥ ♣❤②s✐❝❛❧ s♣❛❝❡✱ ♦♥❧② ❜② ❤♦✇ t❤❡② ❛r❡ ❝♦♥♥❡❝t❡❞ ❜②
♠❡❝❤❛♥✐❝❛❧ ❝♦♠♣♦♥❡♥ts✳ P❡r❝♦❧❛t✐♦♥ ✇❛s ♠❡❛s✉r❡❞ ✉s✐♥❣ ❛ ❢♦r♠ ♦❢ ❝❧✉st❡r ❛♥❛❧②s✐s✱✺✷ ❛s
❞❡t❛✐❧❡❞ ✐♥ t❤❡ ❙✉♣♣❧❡♠❡♥t❛r② ■♥❢♦r♠❛t✐♦♥✳
❋✐❣✉r❡ ✷ s❤♦✇s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ Ccl ♦✈❡r t❤❡ ❝♦✉rs❡ ♦❢ ❛ s✐♠✉❧❛t✐♦♥ ❛t ❡❛❝❤ ♦❢ t❤❡ ✈❛❧✉❡s
♦❢ Ns✱ ❢♦r t✇♦ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ fv ❛♥❞ ✇✐t❤ R = 2.5♥♠✳ ❲❡ ❝❛♥ s❡❡ t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥
fv ❛♣♣❡❛rs t♦ ✐♥❝r❡❛s❡ t❤❡ r❛t❡ ❛t ✇❤✐❝❤ Ccl ❣r♦✇s ♦✈❡r t❤❡ ❝♦✉rs❡ ♦❢ ❛ s✐♠✉❧❛t✐♦♥✱ ✇❤❡r❡❛s
❛❧t❡r✐♥❣ Ns r❛❞✐❝❛❧❧② ❛❧t❡rs t❤❡ ❛s②♠♣t♦t✐❝ ✈❛❧✉❡ ♦❢ t❤❡ ❣r♦✇t❤ ♣r♦❝❡ss✳ ❚❤❡ ncl tr❛❝❡s✱
❞✐✛❡r✐♥❣ ♦♥❧② ❜② ❛ s❝❛❧✐♥❣ ❢❛❝t♦r✱ s❤♦✇ ❡q✉✐✈❛❧❡♥t ❜❡❤❛✈✐♦✉r ✐♥ t❤✐s r❡❣❛r❞✳ ❲❡ ❛❧s♦ ♥♦t❡
❢r♦♠ ❋✐❣✉r❡ ✷❜ t❤❛t ♥♦ ♠❛tt❡r t❤❡ ✈❛❧✉❡ ♦❢ Ns✱ Ccl ♥❡✈❡r r❡❛❝❤❡s ❢✉❧❧ s❛t✉r❛t✐♦♥✱ s❤♦✇✐♥❣
t❤❛t t❤❡r❡ ❛r❡ s♦♠❡ ❝r♦ss✲❧✐♥❦ s✐t❡s ✇✐t❤✐♥ t❤❡ s②st❡♠ t❤❛t r❡♠❛✐♥ ✉♥♦❝❝✉♣✐❡❞✳
❚♦ ✐♥✈❡st✐❣❛t❡ t❤✐s tr❡♥❞ ❡①♣❧✐❝✐t❧②✱ t♦ ❡❛❝❤ ♦❢ t❤❡ ❝✉r✈❡s ✐♥ ❋✐❣✉r❡ ✷✱ ❛♥❞ t♦ t❤❡ r❡❧❛t❡❞
ncl ❝✉r✈❡s✱ ✇❡ ✜t ❛♥ ❡♠♣✐r✐❝❛❧ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠
✶✵
✭❛✮ ✭❜✮
❋✐❣✉r❡ ✷✿ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❛✈❡r❛❣❡ ❝r♦ss✲❧✐♥❦ ❝♦♦r❞✐♥❛t✐♦♥ ♥✉♠❜❡r ♦✈❡r t❤❡ ❝♦✉rs❡ ♦❢
s✐♠✉❧❛t✐♦♥s ❢♦r♠❡❞ ♦❢ ♣r♦t❡✐♥s ✇✐t❤ r❛❞✐✉s R = 2.5♥♠✱ s❤♦✇♥ ❢♦r ♠✉❧t✐♣❧❡ ❝r♦ss✲❧✐♥❦ s✐t❡
t♦♣♦❧♦❣✐❡s✱ Ns✱ ❛♥❞ t✇♦ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s✱ fv✳ ❊❛❝❤ tr❛❝❡ ❤❛s ❛♥ ❡♠♣✐r✐❝❛❧ ✜tt✐♥❣ ❢✉♥❝t✐♦♥














✇❤❡r❡ ❡❛❝❤ i ❝♦rr❡s♣♦♥❞s t♦ s♦♠❡ ❞❡❝❛②✐♥❣ ❣r♦✇t❤ ♣r♦❝❡ss ✇✐t❤ ❛♥ ❛s ②❡t ✉♥❦♥♦✇♥ ❝❛✉s❡✱
Np ✐s t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ❣r♦✇t❤ ♣r♦❝❡ss❡s r❡q✉✐r❡❞ t♦ ❛❝❝✉r❛t❡❧② ❝❤❛r❛❝t❡r✐s❡ t❤❡
❞❛t❛✱ ❛♥❞ y ❝♦rr❡s♣♦♥❞s t♦ ❡✐t❤❡r Ccl ♦r ncl✳ ❲❡ ❢♦✉♥❞ ✐♥ ❛❧❧ ❝❛s❡s ❢♦r Np > 2 t❤❛t ❛♥②
❛❞❞✐t✐♦♥❛❧ ♣❛r❛♠❡t❡rs ❜❡❝❛♠❡ ✐♥❞❡t❡r♠✐♥❛t❡ ✉♥❞❡r ❛ ❧❡❛st✲sq✉❛r❡ ✜tt✐♥❣ ♣r♦t♦❝♦❧✱ ♠❡❛♥✐♥❣
t❤❛t t✇♦ ❞✐st✐♥❝t ♣r♦❝❡ss ❝❛♥ ❜❡ r❡s♦❧✈❡❞ ♦✈❡r t❤❡s❡ t✐♠❡s❝❛❧❡s✳ ❲❡ ❤②♣♦t❤❡s✐s❡✱ ❜❛s❡❞ ♦♥
t❤❡ ♣❛r❛♠❡t❡rs ✐♥ ❊q✳ ✷ ❡①tr❛❝t❡❞ ❛♥❞ ❞❡t❛✐❧❡❞ ✐♥ t❤❡ ❙✉♣♣❧❡♠❡♥t❛r② ■♥❢♦r♠❛t✐♦♥✱ t❤❛t
t❤❡s❡ t✇♦ t✐♠❡ s❝❛❧❡s ❝♦rr❡s♣♦♥❞ t♦ ✐♥t❡r✲❝❧✉st❡r ❛♥❞ ✐♥tr❛✲❝❧✉st❡r ❝r♦ss✲❧✐♥❦✐♥❣✳ ❖❢ ♠♦st
✐♠♣♦rt❛♥❝❡ ❤❡r❡ t❤♦✉❣❤ ✐s t❤❡ ✈❛❧✉❡ y∞ =
∑
i Ai✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❡①tr❛♣♦❧❛t❡❞
✜♥❛❧ ✈❛❧✉❡ ♦❢ y ❛s t → ∞✳ ❋✐❣✉r❡ ✸ s❤♦✇s t❤✐s ✈❛❧✉❡ ♣❧♦tt❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ fv ❛♥❞ Ns ❛s
❛♣♣❧✐❡❞ t♦ ❜♦t❤ t❤❡ Ccl ❞❛t❛ ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ nv ❞❛t❛✳
✶✶
✭❛✮ ✭❜✮
❋✐❣✉r❡ ✸✿ ❚❤❡ ❡①tr❛♣♦❧❛t❡❞ ✈❛❧✉❡ ❞❡✜♥✐♥❣ t❤❡ ❡①♣❡❝t❡❞ ✜♥❛❧ st❛t❡ ♦❢ t❤❡ ♥❡t✇♦r❦✱ ❛♥❞
❝❛❧❝✉❧❛t❡❞ t❤r♦✉❣❤ ✜tt✐♥❣ ❊q✳ ✷ t♦ t❤❡ r❡❧❡✈❛♥t ❞❛t❛ ❢♦r R = 2.5♥♠ s✐♠✉❧❛t✐♦♥s✳ ❛✮ ❈r♦ss✲
❧✐♥❦ ❝♦♦r❞✐♥❛t✐♦♥ ♥✉♠❜❡r✱ Ccl✳ ❜✮ ❙♣❛t✐❛❧ ❝r♦ss✲❧✐♥❦ ❞❡♥s✐t②✱ ncl✳
❲❡ ♥♦✇ s❡❡ ❝❧❡❛r❧② ❢r♦♠ ❋✐❣✉r❡ ✸❛ t❤❛t fv ❤❛s ✈❡r② ❧✐tt❧❡ ❡✛❡❝t ♦♥ t❤❡ ❛✈❡r❛❣❡ ❝r♦ss✲❧✐♥❦
❝♦♦r❞✐♥❛t✐♦♥ ♥✉♠❜❡r ❡①❝❡♣t✱ ❛♣♣❛r❡♥t❧②✱ ❛t ✈❡r② ❧♦✇ fv✳ ❍♦✇❡✈❡r✱ t❤r♦✉❣❤ ✐♥s♣❡❝t✐♦♥ ♦❢ t❤❡s❡
❧♦✇❡r fv s✐♠✉❧❛t✐♦♥s ✭fv = 0.005 ❛♥❞ fv = 0.01✮✱ ✇❡ ❛❝t✉❛❧❧② ♦❜s❡r✈❡ t❤❛t ❢✉❧❧ ♣❡r❝♦❧❛t✐♦♥ ❤❛s
♥♦t ♦❝❝✉rr❡❞ ✐♥ t❤❡s❡ s②st❡♠s ❛♥❞ s♦ ✐t ♠❛② ❜❡ t❤❡ ❝❛s❡ t❤❛t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❊q✳ ✷ ✭t♦ t❤❡ ❝✉r✈❡
✐♥ ❋✐❣✉r❡ ✷❛✮ ✇✐❧❧ ❤❛✈❡ ✉♥❞❡r❡st✐♠❛t❡❞ t❤❡ ✈❛❧✉❡s ❞❡✜♥✐♥❣ ❛ ♣❡r❝♦❧❛t❡❞ ♥❡t✇♦r❦ str✉❝t✉r❡✳
■♥❞❡❡❞ ❛s ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞✱ ❛ r❡❝❡♥t st✉❞② ❜② ❑❤♦✉r② ❡t ❛❧✳ s✉❣❣❡st❡❞ t❤❛t s②st❡♠s ✇✐t❤
s✉❝❤ ❛ ❧♦✇ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ♠❛② ♥♦t ❢♦r♠ ❛ ❣❡❧ ❛t ❛❧❧✳✾ ❚❤✐s ✐s ❧✐❦❡❧② ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡
❝❧✉st❡rs ❝♦❧❧❛♣s❡ ♠✉❝❤ t♦♦ q✉✐❝❦❧② ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ❞✐✛✉s✐♦♥ t✐♠❡ ❜❡t✇❡❡♥ ❝❧✉st❡rs✱ ❛♥❞
t❤✉s ❝❛♥♥♦t ❡❛s✐❧② ✜❧❧ s♣❛❝❡✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ s❡❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❛✈❛✐❧❛❜❧❡ ❝r♦ss✲❧✐♥❦
s✐t❡s ✐s t❤❡ ❞❡t❡r♠✐♥✐♥❣ ❢❛❝t♦r ✐♥ t❤❡ ♦✈❡r❛❧❧ ❛✈❡r❛❣❡ ❝r♦ss✲❧✐♥❦ ❝♦♦r❞✐♥❛t✐♦♥ t❤r♦✉❣❤♦✉t t❤❡
♥❡t✇♦r❦✳ ❚❤✐s q✉❛❧✐t❛t✐✈❡❧② ❝♦rr❡s♣♦♥❞s t♦ ❡①♣❡r✐♠❡♥ts ♣❡r❢♦r♠❡❞ ❜② ●r❛❞ ❡t ❛❧✳ ✸✶ ✐♥ t❤❛t
♦✉r ♠♦♥♦♠❡rs ❝❛♥ ❛❧s♦ ❜❡ ♠✐❝r♦s❝♦♣✐❝❛❧❧② ❞❡s✐❣♥❡❞ t♦ ❛❧t❡r t❤❡ ♥❡t✇♦r❦ t♦♣♦❧♦❣② t♦ s♦♠❡
❡①t❡♥t✳
✶✷
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② s❝❛❧✐♥❣ ❡❛❝❤ ♦❢ t❤❡ ✈❛❧✉❡s ✐♥ ❋✐❣✉r❡ ✸❛ ❜② t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
s♣❛t✐❛❧ ♣r♦t❡✐♥ ♥✉♠❜❡r ❞❡♥s✐t② ✐♠♣❧✐❝✐t❧② ❞❡✜♥❡❞ ❜② fv✱ ✇❡ ♦❜t❛✐♥ ❋✐❣✉r❡ ✸❜✳ ◆♦✇ ✇❡ s❡❡
t❤❛t ✇❤✐❧st Ns ❞❡t❡r♠✐♥❡s t❤❡ ♦✈❡r❛❧❧ ❝r♦ss✲❧✐♥❦ ❞❡♥s✐t② ♣❡r ♥❡t✇♦r❦ ♦❜❥❡❝t ✐✳❡✳ t❤❡ ❝r♦ss✲❧✐♥❦
❝♦♦r❞✐♥❛t✐♦♥ ♥✉♠❜❡r✱ fv ❛❧t❡rs t❤❡ ♥✉♠❜❡r ♦❢ t❤♦s❡ ♦❜❥❡❝ts ❞✐str✐❜✉t❡❞ ✐♥ ♣❤②s✐❝❛❧ s♣❛❝❡✳ ❲❡
t❤❡r❡❢♦r❡ s❡❡ t❤❛t ❜♦t❤ fv ❛♥❞ Ns ❤❛✈❡ ❝♦♠♣❛r❛❜❧❡ ❡✛❡❝ts ♦♥ t❤❡ ♦✈❡r❛❧❧ ❝r♦ss✲❧✐♥❦ ❞❡♥s✐t②
t❤r♦✉❣❤♦✉t ♣❤②s✐❝❛❧ s♣❛❝❡✳ ❨❡t✱ t❤❛t ✇❡ ❝❛♥ ❛❞❞ ❛❞❞✐t✐♦♥❛❧ ♣r♦t❡✐♥s ✐♥t♦ t❤❡ s②st❡♠ ✭✐♥❝r❡❛s❡
fv✮ ✇❤✐❧st ❦❡❡♣✐♥❣ t❤❡ ❛✈❡r❛❣❡ ❝r♦ss✲❧✐♥❦ ❝♦♦r❞✐♥❛t✐♦♥ ❝♦♥st❛♥t s✉❣❣❡sts t❤❛t ✇❡ ♠❛② ❛❧s♦ ❜❡
❦❡❡♣✐♥❣ t❤❡ ♦✈❡r❛❧❧ ♥❡t✇♦r❦ t♦♣♦❧♦❣② ❛♣♣r♦①✐♠❛t❡❧② ❝♦♥st❛♥t✱ ✇❤✐❝❤ ✐s ❡①♣❧♦r❡❞ ❢✉rt❤❡r ✐♥
❧❛t❡r s❡❝t✐♦♥s✳
❚❤❡ ♣r♦t❡✐♥ s✐③❡ ❛✛❡❝ts ❜♦t❤ t❤❡ ❝r♦ss✲❧✐♥❦ ❝♦♦r❞✐♥❛t✐♦♥ ❛♥❞ s♣❛t✐❛❧ ❝r♦ss✲❧✐♥❦
❞❡♥s✐t② ✈✐❛ t✇♦ ❞✐st✐♥❝t ♠❡❝❤❛♥✐s♠s
❚♦ ✐♥✈❡st✐❣❛t❡ t❤✐s ✐♥t❡r♣❧❛② ❜❡t✇❡❡♥ ❝r♦ss✲❧✐♥❦ ❝♦♦r❞✐♥❛t✐♦♥ ❛♥❞ s♣❛t✐❛❧ ❝r♦ss✲❧✐♥❦ ❞❡♥s✐t②
❢✉rt❤❡r✱ ✇❡ ♣❡r❢♦r♠❡❞ t❤❡ s❛♠❡ ❛♥❛❧②s✐s ♦♥ t❤❡ R = 1♥♠ s✐♠✉❧❛t✐♦♥ s❡t✳ ●✐✈❡♥ t❤❛t ✇❡
❤❛✈❡ t❤❡ s❛♠❡ r❡❧❛t✐✈❡ ❞✐✛✉s✐♦♥❛❧ ❞②♥❛♠✐❝s✱ ♦✉r ✐♥✐t✐❛❧ ❛ss✉♠♣t✐♦♥ ✇❛s t❤❛t ✇✐t❤ ❛❧❧ ♦t❤❡r
♣❛r❛♠❡t❡rs ✉♥❝❤❛♥❣❡❞✱ ❛ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ♣❤②s✐❝❛❧ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ ❝r♦ss✲❧✐♥❦s ✭♦♥ t❤❡
s❛♠❡ ♣r♦t❡✐♥✮ ✇♦✉❧❞ ✐♥❝r❡❛s❡ t❤❡ ♦✈❡r❛❧❧ s♣❛t✐❛❧ ❝r♦ss✲❧✐♥❦ ❞❡♥s✐t② ✇❤✐❧st ❦❡❡♣✐♥❣ t❤❡ ❝r♦ss✲
❧✐♥❦ ❝♦♦r❞✐♥❛t✐♦♥ ♣❡r ♣r♦t❡✐♥ ❝♦♥st❛♥t✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤✐s ❛♥❛❧②s✐s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳
❲❡ ♦❜s❡r✈❡ t❤❡ s❛♠❡ ♦✈❡r❛❧❧ tr❡♥❞s ✐♥ t❤❡ ❝✉r✈❡s✱ ✐♥ t❤❛t fv ❛♥❞ Ns ❤❛✈❡ t❤❡ s❛♠❡
q✉❛❧✐t❛t✐✈❡ ❞❡♣❡♥❞❡♥❝❡s ❛s ✐♥ t❤❡ R = 2.5♥♠ s✐♠✉❧❛t✐♦♥s ✭❛❧❜❡✐t ✇✐t❤ ❢❛st❡r r❡❧❛①❛t✐♦♥✱ ❛s
❞❡t❛✐❧❡❞ ✐♥ t❤❡ ❙✉♣♣❧❡♠❡♥t❛r② ■♥❢♦r♠❛t✐♦♥✮✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ❝❧❡❛r❧② s❡❡ t❤❛t ✐♥ ❋✐❣✉r❡ ✹❛✱
❡❛❝❤ ♦❢ t❤❡ ❝r♦ss✲❧✐♥❦ ❝♦♦r❞✐♥❛t✐♦♥ ✈❛❧✉❡s ❛r❡ ❤✐❣❤❡r t❤❛♥ t❤❡✐r ❡q✉✐✈❛❧❡♥ts ✐♥ ❋✐❣✉r❡ ✸❛✳ ❲❡
❛❧s♦ ♥♦t❡ t❤❛t ❢♦r t❤❡ Ns = 14 s②st❡♠✱ Ccl ✐♥❝r❡❛s❡s ❜❡②♦♥❞ s✐①✱ ✇❤✐❝❤ ♦♥❡ ♠✐❣❤t ❡①♣❡❝t t♦ ❜❡
t❤❡ ♠❛①✐♠✉♠ ❣✐✈❡♥ ❣❡♦♠❡tr✐❝ ❝♦♥s✐❞❡r❛t✐♦♥s✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ❢♦r
s✉❝❤ s♠❛❧❧ ♦❜❥❡❝ts✱ ✇❤❡r❡ ❝r♦ss✲❧✐♥❦ s✐t❡s ❛r❡ r❡❧❛t✐✈❡❧② ❝❧♦s❡ t♦ ♦♥❡ ❛♥♦t❤❡r ♦♥ t❤❡ s✉r❢❛❝❡
♦❢ ❡❛❝❤ ♣r♦t❡✐♥✱ ♠✉❧t✐♣❧❡ ❜♦♥❞s ❤❛✈❡ ❢♦r♠❡❞ ❜❡t✇❡❡♥ t❤❡ s❛♠❡ t✇♦ ♣r♦t❡✐♥s ✭t❤❡ s♣❡❝✐✜❝
✶✸
✭❛✮ ✭❜✮
❋✐❣✉r❡ ✹✿ ❚❤❡ ❡①tr❛♣♦❧❛t❡❞ ✈❛❧✉❡ ❞❡✜♥✐♥❣ t❤❡ ❡①♣❡❝t❡❞ ✜♥❛❧ st❛t❡ ♦❢ t❤❡ ♥❡t✇♦r❦✱ ❛♥❞
❝❛❧❝✉❧❛t❡❞ t❤r♦✉❣❤ ✜tt✐♥❣ ❊q✳ ✷ t♦ t❤❡ r❡❧❡✈❛♥t ❞❛t❛ ❢♦r R = 1♥♠ s✐♠✉❧❛t✐♦♥s✳ ❛✮ ❈r♦ss✲❧✐♥❦
❝♦♦r❞✐♥❛t✐♦♥ ♥✉♠❜❡r✱ Ccl✳ ❜✮ ❙♣❛t✐❛❧ ❝r♦ss✲❧✐♥❦ ❞❡♥s✐t②✱ ncl✳
❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡s❡ ♠✉❧t✐♣❧❡ ❜♦♥❞s ❛♥❞ t❤❡✐r r❛❞✐❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ❛r❡ s❤♦✇♥ ✐♥ t❤❡
❙✉♣♣❧❡♠❡♥t❛r② ■♥❢♦r♠❛t✐♦♥✮✳ ❆s t❤❡ ♣r♦t❡✐♥s ❛r❡ ❣✐✈❡♥ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ str✉❝t✉r❡ ❢r♦♠
t❤❡✐r s♦❢t✲❝♦r❡ ♣♦t❡♥t✐❛❧s✱ ❛♥❞ t❤❡ ✐♥tr✐♥s✐❝ st✐✛♥❡ss ks ✐s ❦❡♣t ❝♦♥st❛♥t ❜❡t✇❡❡♥ t❤❡ t✇♦ s❡ts
♦❢ s✐♠✉❧❛t✐♦♥s✱ t❤❡♥ ✇❡ ✜♥❞ t❤❛t ✐t ✐s ❡❛s✐❡r t♦ ✈♦❧✉♠❡tr✐❝❛❧❧② ❵❞❡❢♦r♠✬ s♠❛❧❧❡r ♣r♦t❡✐♥s t❤❛♥
❧❛r❣❡r ♦♥❡s✳ ❍❡♥❝❡✱ ✇❤✐❧st ❛t♦♠✐st✐❝ ❜♦♥❞✐♥❣ ❣❡♦♠❡tr✐❡s ❛r❡ ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✐♥ t❤❡s❡
❝♦❛rs❡✲❣r❛✐♥❡❞ s✐♠✉❧❛t✐♦♥s✱ ✇❡ ♥❡✈❡rt❤❡❧❡ss s❡❡ t❤❛t ❢♦r s✉✣❝✐❡♥t❧② s♦❢t ♣r♦t❡✐♥s✱ ❤✐❣❤❡r ❧❡✈❡❧s
♦❢ ❝r♦ss✲❧✐♥❦✐♥❣ ♠❛② ❜❡ ❡①♣❡❝t❡❞✳
❆s s✉❝❤✱ t❤❡ ♦✈❡r❛❧❧ ❝r♦ss✲❧✐♥❦ ❞❡♥s✐t② s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹❜ ✐s ❤✐❣❤❡r ❜♦t❤ ❜❡❝❛✉s❡ t❤❡
♣r♦t❡✐♥s ❛r❡ s♠❛❧❧❡r✱ ❧❡❛❞✐♥❣ t♦ ❛ ❤✐❣❤❡r ❞❡♥s✐t② ♦❢ ❝r♦ss✲❧✐♥❦✐♥❣ s✐t❡s ✐♥ s♣❛❝❡ ❛♥②✇❛②✱ ❜✉t
❛❧s♦ ❜❡❝❛✉s❡ t❤❡ ♣r♦t❡✐♥ ✐s s✉✣❝✐❡♥t❧② s♦❢t ❛t t❤✐s s❝❛❧❡ ❛s t♦ ❞❡❢♦r♠ ❛♥❞ ❛❧❧♦✇ ♠✉❧t✐♣❧❡
❜♦♥❞s t♦ ❢♦r♠✳ ❚❤✉s ✇❡ s❡❡ t❤❡ s❛♠❡ q✉❛❧✐t❛t✐✈❡ ♣❛tt❡r♥ ✐♥ ❜♦t❤ R = 1♥♠ ❛♥❞ R = 2.5♥♠
s✐♠✉❧❛t✐♦♥s ❢♦r t❤❡ ❝r♦ss✲❧✐♥❦ ❞❡♥s✐t②✱ ❜✉t ❛ s✐❣♥✐✜❝❛♥t❧② ❤✐❣❤❡r ❛❜s♦❧✉t❡ ✈❛❧✉❡ ✐♥ ❛❧❧ ❝❛s❡s
✇❤❡♥ R = 1♥♠✳
✶✹
❚❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡s❡ ✐♥s✐❣❤ts ✐♠♣❧✐❡s t❤❛t ✐♥❝r❡❛s✐♥❣ t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ♦❢ ❛ ♣r♦t❡✐♥
❤②❞r♦❣❡❧ ❞♦❡s ♥♦t ❛❧t❡r t❤❡ ❧♦❝❛❧ ♥❡t✇♦r❦ str✉❝t✉r❡✱ ❜✉t s✐♠♣❧② ♣r♦✈✐❞❡s ❛❞❞✐t✐♦♥❛❧ ♣r♦t❡✐♥
♠❛t❡r✐❛❧ t♦ ✜❧❧ ✐♥ t❤❡ ❣❛♣s ✐♥ t❤❡ ♥❡t✇♦r❦✳ ❚❤✐s ✐s ❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ ✇❡❛❧t❤ ♦❢ ✇♦r❦ ♦♥ t❤❡
r❡✐♥❢♦r❝❡♠❡♥t ♦❢ ❣❡❧s ✉s✐♥❣ s♦✲❝❛❧❧❡❞ ❵✜❧❧❡rs✬✱ ✐♥ ✇❤✐❝❤ ❧❛r❣❡ ♣❛rt✐❝❧❡s ❛r❡ ❛❞❞❡❞ t♦ ✜❧❧ s♣❛❝❡ ✐♥
t❤❡ ❣❡❧ ♠❛tr✐① ❧❡❛❞✐♥❣ t♦ r❡✐♥❢♦r❝❡♠❡♥t ♦❢ t❤❡ ❣❡❧ ❛♥❞ ❛♥ ✐♥❝r❡❛s❡ ♠❡❝❤❛♥✐❝❛❧ str❡♥❣t❤✳✺✸✱✺✹
◆❡✈❡rt❤❡❧❡ss✱ ✇❤✐❧st ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❡✐t❤❡r Ns ♦r fv ✇✐❧❧ ✐♥❝r❡❛s❡ t❤❡ ♦✈❡r❛❧❧ s♣❛t✐❛❧ ❝r♦ss✲❧✐♥❦
❞❡♥s✐t②✱ ✐♥❝r❡❛s✐♥❣ fv ❤♦♠♦❣❡♥❡♦✉s❧② s♣r❡❛❞s t❤❡s❡ ♥❡✇ ❝r♦ss✲❧✐♥❦s t❤r♦✉❣❤ s♣❛❝❡ t♦❣❡t❤❡r
✇✐t❤ ♥❡✇ ♣r♦t❡✐♥s✱ ✇❤❡r❡❛s ✐♥❝r❡❛s✐♥❣ Ns ♠✉st ♥❡❝❡ss❛r✐❧② ❧♦❝❛❧✐s❡ t❤❡ ♥❡✇ ❝r♦ss✲❧✐♥❦s ♦♥ t❤❡
s❛♠❡ ♥✉♠❜❡r ♦❢ ♣r♦t❡✐♥s✳ ❚❤✐s ❤❛s r❛♠✐✜❝❛t✐♦♥s ❢♦r t❤❡ ✇❛② ✐♥ ✇❤✐❝❤ t❤❡ ♣r♦t❡✐♥ ♥❡t✇♦r❦
s✉❜s❡q✉❡♥t❧② r❡s♣♦♥❞s t♦ ❜♦t❤ s✇❡❧❧✐♥❣ ❛♥❞ ❡①t❡r♥❛❧❧② ❛♣♣❧✐❡❞ ❢♦r❝❡s✱✺✺ ❛♥❞ ♠♦r❡ ❧♦❝❛❧❧②✱
✇❤✐❝❤ ♣r♦t❡✐♥s ✐♥ t❤❡ ♥❡t✇♦r❦ ✇✐❧❧ ✉♥❢♦❧❞✳ ❍♦✇❡✈❡r✱ q✉❡st✐♦♥s ✐♥✈♦❧✈✐♥❣ ♣r♦t❡✐♥ ❢♦❧❞✐♥❣
r❡q✉✐r❡ ❛❞❞✐t✐♦♥❛❧ ♠♦❞❡❧s t♦ ❜❡ ❞❡✈❡❧♦♣❡❞ ❛♥❞ s♦ ✇✐❧❧ ♥♦t ❜❡ ❛❞❞r❡ss❡❞ ✐♥ t❤✐s ✇♦r❦✳
◆❡t✇♦r❦ ❙tr✉❝t✉r❡
❋r♦♠ t❤✐s ♣♦✐♥t ❢♦r✇❛r❞ ✇❡ ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✜♥❛❧ ❢r❛♠❡s ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s ❢♦r str✉❝✲
t✉r❛❧ ❛♥❛❧②s✐s✱ ♥♦t ❡①tr❛♣♦❧❛t✐♦♥s✳ ❚❤✉s ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❦❡❡♣ ✐♥ ♠✐♥❞ t❤❡ ♣❡r❝♦❧❛t✐♦♥
❛♥❛❧②s✐s ❞❡t❛✐❧❡❞ ✐♥ ❙✉♣♣❧❡♠❡♥t❛r② ■♥❢♦r♠❛t✐♦♥✱ ✐♥ t❤❛t ✇❤✐❧st ✇❡ ❤❛✈❡ ✐♥❞✐❝❛t✐♦♥s ♦❢ s②st❡♠
s♣❛♥♥✐♥❣ ❝❧✉st❡rs ✐♥ ❡❛❝❤ ♦❢ ♦✉r ❛♥❛❧②s❡❞ s②st❡♠s✱ t❤❡r❡ ❛r❡ s♦♠❡ s✐♠✉❧❛t✐♦♥s ✐♥ ✇❤✐❝❤ ❛❧❧
♣r♦t❡✐♥s ❛r❡ ♥♦t ❝♦♥♥❡❝t❡❞ ✐♥t♦ ❛ s✐♥❣❧❡ ❝❧✉st❡r✳
❚❤❡ ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥ ✐♥❝r❡❛s❡s ✇✐t❤ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥✱ ❜✉t ❞❡❝r❡❛s❡s ✇✐t❤ t❤❡
♥✉♠❜❡r ♦❢ ❛✈❛✐❧❛❜❧❡ ❝r♦ss✲❧✐♥❦ s✐t❡s
■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ✇❡ ❝❛❧❝✉❧❛t❡❞ ❛✈❡r❛❣❡ s✐♥❣❧❡ ♣r♦t❡✐♥ ♣r♦♣❡rt✐❡s ♦✈❡r t❤❡ ♥❡t✇♦r❦
❞♦♠❛✐♥✳ ❲❡ ♥♦✇ ❜❡❣✐♥ t♦ ❛♥❛❧②s❡ ♦✉r ♥❡t✇♦r❦s ❛s s✐♥❣❧❡ ♦❜❥❡❝ts ❜② ❝❛❧❝✉❧❛t✐♥❣ t❤❡✐r ✈♦❧✉✲
♠❡tr✐❝ ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥s✳ ❚❤❡ ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥ ✐s ❛ ♠❡❛s✉r❡ ♦❢ ❤♦✇ t❤❡ ✈♦❧✉♠❡ ♦❢ ♥❡t✇♦r❦
str✉❝t✉r❡ ✜❧❧s t❤❡ ♣❤②s✐❝❛❧ s♣❛❝❡ ✐♥ ✇❤✐❝❤ ✐t ❡①✐sts✳✺✻ ▼♦r❡ ❝♦❧❧♦q✉✐❛❧❧②✱ ✐t ✐s ❛ ♠❡❛s✉r❡ ♦❢
❤♦✇ ❵❜r❛♥❝❤❡❞✬ t❤❡ str✉❝t✉r❡ ✐s✳ ❋✐❣✉r❡ ✺ s❤♦✇s t❤❡ ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ✜♥❛❧ st❛t❡s ♦❢
✶✺
❡❛❝❤ s✐♠✉❧❛t✐♦♥ ❝♦♥s✐❞❡r❡❞✱ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡ ❜♦① ❝♦✉♥t✐♥❣ ❛❧❣♦r✐t❤♠ ❛s ❞❡t❛✐❧❡❞ ✐♥ t❤❡
❙✉♣♣❧❡♠❡♥t❛r② ■♥❢♦r♠❛t✐♦♥✳ ❲❤✐❧st t❤❡s❡ ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥s ❛r❡ str✐❝t❧② ♦♥❧② ✈❛❧✐❞ ✉♣ t♦
t❤❡ ♠❛①✐♠✉♠ ❜♦① s✐③❡ ♦❢ ❡❛❝❤ s✐♠✉❧❛t✐♦♥✱ r❡❝❡♥t s✐♠✉❧❛t✐♦♥s ♦❢ ❝♦❧❧♦✐❞❛❧ ❣❡❧s ❛♥❛❧②s❡❞ ✉s✐♥❣
t❤❡ str✉❝t✉r❡ ❢❛❝t♦r ❛❧s♦ ②✐❡❧❞ s✐♠✐❧❛r ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥s s♣❡❝✐✜❝❛❧❧② ❛t ❛ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ♦❢
∼ 0.05✳✺✼ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❤✐❧st t❤❡② ❛r❡ ♥♦t ♣❡r❝♦❧❛t❡❞✱ ✇❡ ♣r❡s❡♥t ❛♥❛❧②s✐s ♦❢ t❤❡ fv = 0.005
❛♥❞ fv = 0.01 s✐♠✉❧❛t✐♦♥ s❡ts✱ ❛s t❤❡ ❢r❛❝t❛❧ ♣r♦♣❡rt✐❡s ❛r❡ ♦❢ ✐♥t❡r❡st✳
✭❛✮ ✭❜✮
❋✐❣✉r❡ ✺✿ ❚❤❡ ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ✜♥❛❧ st❛t❡ ♦❢ ❡❛❝❤ s✐♠✉❧❛t✐♦♥✱ ❢♦r ❛ r❛♥❣❡ ♦❢ ✈♦❧✉♠❡
❢r❛❝t✐♦♥s ♦❢ ❝r♦ss✲❧✐♥❦ s✐t❡ t♦♣♦❧♦❣✐❡s✱ ❝❛❧❝✉❧❛t❡❞ ✈✐❛ t❤❡ ❜♦① ❝♦✉♥t✐♥❣ ❛❧❣♦r✐t❤♠ ❞❡t❛✐❧❡❞ ✐♥
❙✉♣♣❧❡♠❡♥t❛r② ■♥❢♦r♠❛t✐♦♥✳ ❛✮ R = 1♥♠✳ ❜✮ R = 2.5♥♠
❲❡ ✐♠♠❡❞✐❛t❡❧② s❡❡ ❢r♦♠ ❋✐❣✉r❡ ✺ t❤❛t t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ❛♣♣❡❛rs t♦ ❜❡ t❤❡ ❞♦♠✐♥❛♥t
❢❛❝t♦r ✐♥ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥✳ ❆❧t❤♦✉❣❤ t❤❡ ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥ ✐s ❛ ♠❡❛s✉r❡ ♦❢
❤♦✇ s♣❛❝❡ ✐s ✜❧❧❡❞ ❛t ❞✐✛❡r❡♥t ❧❡♥❣t❤ s❝❛❧❡s✱ ✐t ✐s ♥♦t ♥❡❝❡ss❛r✐❧② tr✉❡ t❤❛t ✐t ♠✉st ✐♥❝r❡❛s❡
✇✐t❤ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ❛s ♣❛❝❦✐♥❣ ❡✛❡❝ts ♠✉st ❛❧s♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐♥ ❧✐❣❤t ♦❢
♦✉r ♣r❡✈✐♦✉s ♦❜s❡r✈❛t✐♦♥ t❤❛t ✐♥❝r❡❛s✐♥❣ fv ❞♦❡s ♥♦t ❛❧t❡r t❤❡ ❧♦❝❛❧ ❝r♦ss✲❧✐♥❦ ❝♦♦r❞✐♥❛t✐♦♥
✐✳❡✳ t❤❡ ♣❛❝❦✐♥❣ ❜❡❤❛✈✐♦✉r✱ t❤❡♥ ✇❡ ✐♥❞❡❡❞ ♦❜s❡r✈❡ t❤❛t ❛s fv ✐♥❝r❡❛s❡s✱ s♦ t♦♦ ❞♦❡s Df ✳
❍♦✇❡✈❡r✱ ✇❡ s❡❡ t❤❛t t❤✐s ✐♥❝r❡❛s❡ ♠❛② ❜❡ t❡♥❞✐♥❣ t♦✇❛r❞s ❛ ♣❧❛t❡❛✉ ✇❤✐❝❤ s❡❡♠s ❧✐❦❡❧②
✶✻
t♦ ♦❝❝✉r ❛t ❛ r❡❧❛t✐✈❡❧② ❧♦✇ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥✱ ❡s♣❡❝✐❛❧❧② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❣❧❛ss tr❛♥s✐t✐♦♥
✈♦❧✉♠❡ ❢r❛❝t✐♦♥✳✺✽ ❚❤✐s s❤♦✇s t❤❛t t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❝♦✈❛❧❡♥t ❝r♦ss✲❧✐♥❦s✱ ❤✐❣❤❧② ❧♦❝❛❧✐s❡❞ ❛♥❞
❞❡❡♣ ❡♥❡r❣② ✇❡❧❧s✱✹✹ ♣r❡✈❡♥ts t❤❡ ♥♦♥✲s♣❡❝✐✜❝ ❣❡♦♠❡tr✐❝ ♠✐♥✐♠✐s❛t✐♦♥s ♦♥❡ ✇♦✉❧❞ ❡①♣❡❝t ✐♥
❝♦♠♣❛r❛❜❧❡ ❝♦❧❧♦✐❞❛❧ s②st❡♠s✳✺✾✱✻✵
❲❡ ❛❧s♦ ♥♦t❡ t❤❛t ❛s ✇❡ ✐♥❝r❡❛s❡ t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ✇❡ ❝r♦ss ♦✈❡r ❢r♦♠ ❛ ✈❛❧✉❡ ♦❢
1 < Df < 2✱ r❡♣r❡s❡♥t✐♥❣ ❛ ✜❜r✐❧❧❛r str✉❝t✉r❡✱ t♦ ♦♥❡ ♦❢ 2 < Df < 3✱ r❡♣r❡s❡♥t✐♥❣ ❛
r♦✉❣❤ s✉r❢❛❝❡✲❧✐❦❡ str✉❝t✉r❡✱ ❛t s♦♠❡ ♣♦✐♥t ❜❡t✇❡❡♥ fv = 0.01 ❛♥❞ fv = 0.05✳ ❲❡ ❞✐❞ ♥♦t
❛❝❤✐❡✈❡ s②st❡♠✲✇✐❞❡ ♣❡r❝♦❧❛t✐♦♥ ❢♦r t❤❡ fv ≤ 0.01 s✐♠✉❧❛t✐♦♥s✱ ❛♥❞ s♦ ✐t ♠❛② ❜❡ t❤❛t t❤❡s❡
t✇♦ ❝❤❛r❛❝t❡r✐st✐❝s ❛r❡ r❡❧❛t❡❞✱ ❛s t❤❡s❡ ♠❡❛s✉r❡❞ s✉r❢❛❝❡✲❧✐❦❡ ❢r❛❝t❛❧ str✉❝t✉r❡s ❝♦✉❧❞ ❜❡
❡♥✈✐s❛❣❡❞ ❛s ❡♥❝❛♣s✉❧❛t✐♥❣ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ s②st❡♠✳ ❍♦✇❡✈❡r✱ ✇❡ ♠❡r❡❧② ✇✐s❤ t♦ ❡♠♣❤❛s✐s❡
t❤❛t ❛❧❧ ♦❢ ♦✉r ♣❡r❝♦❧❛t❡❞ s②st❡♠s ❤❛✈❡ Df > 2✳
❚❤❡ ❡✛❡❝t ♦❢ ✈❛r✐❛t✐♦♥s ✐♥ Ns ♦♥ Df ✐s s♠❛❧❧❡r ✐♥ ♠❛❣♥✐t✉❞❡ ♦✈❡r t❤❡ ❡♥t✐r❡ r❛♥❣❡ ♦❢ fv
❝♦♥s✐❞❡r❡❞✱ ❜✉t ❤❛s t❤❡ ♦♣♣♦s✐t❡ ❡✛❡❝t t♦ ❛ ❝❤❛♥❣❡ ✐♥ fv✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐♥❝r❡❛s❡s ✐♥ Ns
r❡s✉❧t ✐♥ ❛ s❧✐❣❤t❧② ❧♦✇❡r ✈❛❧✉❡ ♦❢ Df ✱ ✇❤❡r❡❛s ❛♥ ✐♥❝r❡❛s❡ ✐♥ fv r❡s✉❧ts ✐♥ ❛ s❧✐❣❤t❧② ❤✐❣❤❡r
✈❛❧✉❡ ♦❢ Df ✳ ❚❤✐s s❤♦✇s t❤❛t ❛❧t❡r❛t✐♦♥s ✐♥ t❤❡ ❧♦❝❛❧ ❝r♦ss✲❧✐♥❦ t♦♣♦❧♦❣② ♦❢ ❡❛❝❤ ♣r♦t❡✐♥ ❛❧t❡rs
t❤❡ str✉❝t✉r❡ ❛t t❤❡ ♥❡t✇♦r❦ ❧❡✈❡❧ ❜② ♠❛❦✐♥❣ ✐t s❧✐❣❤t❧② ♠♦r❡ ❜r❛♥❝❤❡❞✱ ❛s ❛ ❤✐❣❤❡r ✈❛❧✉❡ ♦❢
Ns ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐st ♠♦r❡ ♣♦t❡♥t✐❛❧ ♣❛t❤s ❜❡t✇❡❡♥ ❛♥② t✇♦ ♣r♦t❡✐♥s ✐♥ t❤❡ ♥❡t✇♦r❦✳
❚❤✐s ❤❛s ✐♠♣❧✐❝❛t✐♦♥s ✐♥ ❤♦✇ ❢♦r❝❡ ✐s ❞✐str✐❜✉t❡❞ ❛r♦✉♥❞ t❤❡ ♥❡t✇♦r❦ ❛♥❞ ✇✐❧❧ ♣♦t❡♥t✐❛❧❧②
❛✛❡❝t ✇❤✐❝❤✱ ♦r ❡✈❡♥ ✇❤❡t❤❡r✱ ♣r♦t❡✐♥s ✉♥❢♦❧❞ ✉♣♦♥ s✇❡❧❧✐♥❣✳✾✱✺✺
❋✐♥❛❧❧②✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ R = 2.5♥♠ s✐♠✉❧❛t✐♦♥s ❤❛✈❡ ❛ s❧✐❣❤t❧② ❧♦✇❡r ✈❛❧✉❡ ♦❢ Df t❤❛♥
t❤❡✐r R = 1♥♠ ❝♦✉♥t❡r♣❛rts✱ ❜✉t r❡t❛✐♥ t❤❡ s❛♠❡ q✉❛❧✐t❛t✐✈❡ tr❡♥❞s✳ ❲❡ ❜❡❧✐❡✈❡ t❤❛t t❤✐s ✐s
❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ R = 1♥♠ s②st❡♠s ❛r❡ ❛❜❧❡ t♦ ❢♦r♠ ♠✉❧t✐♣❧❡ ❜♦♥❞s ✭s❡❡ ❙✉♣♣❧❡♠❡♥t❛r②
■♥❢♦r♠❛t✐♦♥✮✱ t❤✉s ♠❛❦✐♥❣ t❤❡♠ ♣❛❝❦ ♠♦r❡ ❡✣❝✐❡♥t❧② ❛s t❤❡ ♣r♦t❡✐♥s ❵❞❡❢♦r♠✬ ✐✳❡✳ ♦✈❡r❧❛♣
t♦ ❛❝❝♦♠♠♦❞❛t❡ ♠✉❧t✐♣❧❡ ❜♦♥❞s✳
✶✼
P♦r❡ s✐③❡s ❞❡❝r❡❛s❡ ✇✐t❤ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❛✈❛✐❧❛❜❧❡ ❜✐♥❞✐♥❣
s✐t❡s
❚♦ ♦❜s❡r✈❡ t❤❡ ♥❡❣❛t✐✈❡ s♣❛❝❡ s✉rr♦✉♥❞✐♥❣ t❤❡ ♥❡t✇♦r❦✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ♣♦r❡ s✐③❡ ❞✐str✐❜✉✲
t✐♦♥ t❤r♦✉❣❤♦✉t t❤❡ ♥❡t✇♦r❦ ❛s ❞❡✜♥❡❞ ❜② t❤❡ ♠❛①✐♠❛❧✲❜❛❧❧ ❛❧❣♦r✐t❤♠✳✻✶✱✻✷ ❚❤✐s ❛❧❣♦r✐t❤♠
✐❞❡♥t✐✜❡s ♣♦r❡s ❜② ❞✐s❝r❡t✐s✐♥❣ s♣❛❝❡ ✐♥t♦ ❛ s❡t ♦❢ ✈♦①❡❧s ✭t❡ss❡❧❧❛t✐♥❣ ❝✉❜❡s✮ ❛♥❞ ❝❛❧❝✉❧❛t✐♥❣
t❤❡ ♠✐♥✐♠✉♠ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❝❡♥t❡r ♦❢ ❡❛❝❤ ♦❢ t❤❡s❡ ✈♦①❡❧s t♦ t❤❡ ♥❡❛r❡st ♣r♦t❡✐♥ s✉r❢❛❝❡✳
❋♦❧❧♦✇✐♥❣ t❤✐s✱ t❤❡ ♣♦r❡s ❛r❡ ♣❧❛❝❡❞ ✐♥ ❛ ❝♦♥♥❡❝t❡❞ ❤✐❡r❛r❝❤② ✇❤❡r❡ t❤❡ ❧♦❝❛❧❧② ❧❛r❣❡st ♦❢
t❤❡s❡ ❛r❡ ✐s♦❧❛t❡❞ ❛s r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤❡ ❡♠♣t② s♣❛❝❡ ✇✐t❤✐♥ t❤❡ str✉❝t✉r❡ ✭s❡❡ ❋✐❣✉r❡ ✻✮✳
❋✐❣✉r❡ ✼ s❤♦✇s t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s ♦❢ ♣♦r❡ r❛❞✐✐ ❢♦r ❡❛❝❤ ♦❢ t❤❡ R = 1♥♠ s✐♠✉❧❛✲
t✐♦♥s✱ ♦✈❡r❧❛②❡❞ t❤❡ ✐♥t❡r✲q✉❛rt✐❧❡ r❛♥❣❡ ✭■◗❘✮ ❛♥❞ ♠❡❞✐❛♥✳ ❊❛❝❤ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥
✇❛s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❝♦♠❜✐♥❡❞ s❡t ♦❢ ♣♦r❡s ❢r♦♠ ❡❛❝❤ ♦❢ t❤❡ t❤r❡❡ r❡♣❡❛ts✳ ❉✉❡ t♦ t❤❡
❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤✐s ♣r♦❜❧❡♠✱ r❡s✉❧ts ❛r❡ s❤♦✇♥ ♦♥❧② ❢♦r t❤❡ ❤✐❣❤❡st t❤r❡❡ ✈♦❧✲
✉♠❡ ❢r❛❝t✐♦♥s✱ r❡♣r❡s❡♥t✐♥❣ t❤❡ ♣❡r❝♦❧❛t❡❞ s②st❡♠s✱ ✉s✐♥❣ ❛ ✈♦①❡❧ ♦❢ ❧❡♥❣t❤ 4R t♦ ❞✐s❝r❡t✐s❡
s♣❛❝❡✳
❲❡ s❡❡ t❤❛t ❛❧❧ ❧❡♥❣t❤ s❝❛❧❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣♦r❡s ✭■◗❘✱ ♠❡❞✐❛♥ ❛♥❞ ♠❛①✐♠✉♠✮
s❤♦✇ ❛t ❧❡❛st ❛ s❧✐❣❤t t❡♥❞❡♥❝② t♦ ❞❡❝r❡❛s❡ ✇✐t❤ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥✱ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢
t❤❡ s♠❛❧❧❡st ♣♦r❡ ♠❡❛s✉r❛❜❧❡ ✇❤✐❝❤ r❡♠❛✐♥s ❝♦♥st❛♥t ❛t ❛♣♣r♦①✐♠❛t❡❧② 2R✳ ❍♦✇❡✈❡r✱ t❤✐s
♠✐♥✐♠✉♠ ✈❛❧✉❡ ✐s ❧✐❦❡❧② ❜❡ ❝♦♥str❛✐♥❡❞ ❜② ♦✉r ❝❤♦✐❝❡ ♦❢ ✈♦①❡❧ s✐③❡✳ ❚❤❡ ♠❛①✐♠✉♠ ♣♦r❡ s✐③❡
❛❧s♦ r❡♣r❡s❡♥ts ❛ s✐♥❣❧❡ ❡①tr❡♠❡ ❞❛t❛ ♣♦✐♥t✱ ❛♥❞ ✐s t❤✉s ❧❡ss ♣r❡❞✐❝t❛❜❧❡✳ ■t ✐s ❝❧❡❛r t❤❛t
t❤❡ ■◗❘ ❞❡❝r❡❛s❡s ♠♦st s❤❛r♣❧② ✇✐t❤ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝♦♥tr❛❝t✐♦♥
♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣♦r❡ s✐③❡s ❛r♦✉♥❞ t❤❡ ♠❡❞✐❛♥ ✈❛❧✉❡✳ ❚❤❡ ♠❡❞✐❛♥ ✐ts❡❧❢ r❡❞✉❝❡s ♦♥❧②
s❧✐❣❤t❧② ✇✐t❤ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥✱ ✇❤✐❝❤ ♠❛② ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ♠❡❞✐❛♥ ✐s ♠♦r❡ ❞❡♣❡♥❞❡♥t ✉♣♦♥
t❤❡ s✐③❡ ♦❢ t❤❡ s✉❜✉♥✐ts t❤❡♠s❡❧✈❡s✱ r❛t❤❡r t❤❛♥ t❤❡✐r ♦✈❡r❛❧❧ ♣♦♣✉❧❛t✐♦♥✳ ❚❤✐s ❤❛s ❛ ♣❛r❛❧❧❡❧
✇✐t❤ ♦✉r ♣r❡✈✐♦✉s ♦❜s❡r✈❛t✐♦♥s ✐♥ ❋✐❣✉r❡ ✸ ♦❢ t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ✐♥❝r❡❛s✐♥❣ t❤❡ ♦✈❡r❛❧❧ ❝r♦ss✲
❧✐♥❦ ❞❡♥s✐t② ✇❤✐❧st ❦❡❡♣✐♥❣ t❤❡ ❧♦❝❛❧ ❝r♦ss✲❧✐♥❦ ❝♦♦r❞✐♥❛t✐♦♥ ❛♣♣r♦①✐♠❛t❡❧② ❝♦♥st❛♥t✳ ❚❤✉s✱
✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ■◗❘ ✇✐t❤ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ t♦ ❛❣❛✐♥ ❜❡ ❞✉❡ t♦ s♣❛❝❡
❜❡✐♥❣ ✜❧❧❡❞ ❜② t❤❡ ❛❞❞✐t✐♦♥❛❧ ♣r♦t❡✐♥ s✉❜✉♥✐ts✳
✶✽
✭❛✮ ✭❜✮
❋✐❣✉r❡ ✻✿ ❱✐s✉❛❧✐s❛t✐♦♥s ♦❢ t❤❡ ♣♦r❡s ❝❛❧❝✉❧❛t❡❞ ❜② t❤❡ ♠❛①✐♠❛✲❜❛❧❧ ❛❧❣♦r✐t❤♠ ❢♦r ♦♥❡ ♦❢ t❤❡
R = 2.5♥♠✱ fv = 0.05✱ Ns = 8 s✐♠✉❧❛t✐♦♥s✳ ❛✮ ❚❤❡ ♥❡t✇♦r❦ ❝❛❧❝✉❧❛t❡❞ ❜② ❇✐♦◆❡t✱ ✇✐t❤
♣r♦t❡✐♥ s♣❤❡r❡s s❤♦✇♥ ✐♥ ❜❧✉❡✳ ❜✮ P♦r❡s✱ s❤♦✇ ✐♥ r❡❞✱ ♦✈❡r❧❛②✐♥❣ t❤❡ s❛♠❡ ♥❡t✇♦r❦✳ ❚❤❡②
❝❛♥ ❡①✐st ❵♦✉ts✐❞❡✬ t❤❡ s✐♠✉❧❛t✐♦♥ ❜♦① s❧✐❣❤t❧② ❛s ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ t❛❦❡♥ ✐♥t♦
❛❝❝♦✉♥t✳
❋✐❣✉r❡ ✼✿ ❆ ❵✈✐♦❧✐♥✬ ♣❧♦t s❤♦✇✐♥❣ t❤❡ ♥♦r♠❛❧✐s❡❞ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s ♦❢ ♣♦r❡ r❛❞✐✐✱
❝❛❧❝✉❧❛t❡❞ ✈✐❛ ♣❡r❢♦r♠✐♥❣ t❤❡ ❝❧❛ss✐❝❛❧ ♠❛①✐♠❛❧ ❜❛❧❧ ❛❧❣♦r✐t❤♠ ♦♥ t❤❡ ✜♥❛❧ st❛t❡ ♦❢ ❡❛❝❤ ♦❢
t❤❡ R = 1♥♠ s✐♠✉❧❛t✐♦♥s✱ ❢♦r ❛ r❛♥❣❡ ♦❢ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s fv ❛♥❞ ❝r♦ss✲❧✐♥❦ s✐t❡ t♦♣♦❧♦❣✐❡s
Ns✳ ❊❛❝❤ Ns ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ❞✐✛❡r❡♥t ❝♦❧♦✉r✳ ❇❧✉❡✿ Ns = 4✱ ❖r❛♥❣❡✿ Ns = 6✱ ●r❡❡♥✿
Ns = 8✱ ❘❡❞✿ Ns = 14
✶✾
❖❢ ♠♦st ✐♥t❡r❡st ✐s ❤♦✇ t❤❡ ■◗❘✱ ❛♥❞ ✐♥❞❡❡❞ ❛❧❧ ♦❢ t❤❡s❡ s✐③❡ ♣❛r❛♠❡t❡rs✱ ❛r❡ ❞❡♣❡♥❞❡♥t
♦♥ ♥✉♠❜❡r ♦❢ ❜✐♥❞✐♥❣ s✐t❡s Ns✳ ❲❡ s❡❡ t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥ Ns✱ ❢♦r ❛♥② ❣✐✈❡♥ ✈❛❧✉❡ ♦❢ fv
❛♥❞ ✇✐t❤ t❤❡ str❛♥❣❡ ❡①❝❡♣t✐♦♥ ♦❢ Ns = 4✱ r❡❞✉❝❡s t❤❡ ✈❛❧✉❡ ♦❢ ❡❛❝❤ s✐③❡ ♣❛r❛♠❡t❡r✳ ❲✐t❤
r❡❢❡r❡♥❝❡ t♦ ♦✉r ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥ ❝❛❧❝✉❧❛t✐♦♥s✱ ✇❡ ❤②♣♦t❤❡s✐s❡ t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥ Ns ❝❛✉s❡s
❛ ♠♦r❡ ❜r❛♥❝❤❡❞ str✉❝t✉r❡ t♦ ❢♦r♠✳ ❋♦r t❤❡ s❛♠❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥✱ t❤♦s❡ ❛❞❞✐t✐♦♥❛❧ ❜r❛♥❝❤❡s
♠✉st ❵❝✉t t❤r♦✉❣❤✬ ♣♦r❡s t❤❛t ✇♦✉❧❞ ❡①✐st ❛t ❧♦✇❡r ✈❛❧✉❡s ♦❢ Ns✱ ❛♥❞ ❤❡♥❝❡ r❡❞✉❝❡ ❜♦t❤ t❤❡
❡①♣❡❝t❡❞ s✐③❡ ❛♥❞✱ ❜② ❡❧✐♠✐♥❛t✐♥❣ ❧❛r❣❡r ♣♦r❡s✱ t❤❡ ■◗❘✳
❆s ❛ ✜♥❛❧ ♥♦t❡✱ t❤❡ R = 2.5♥♠ s✐♠✉❧❛t✐♦♥s s❤♦✇❡❞ s✐♠✐❧❛r tr❡♥❞s ✐♥ t❤❡ ♣❛r❛♠❡t❡rs fv
❛♥❞ Ns✱ ❜✉t ❣❡♥❡r❛t❡❞ ❧❛r❣❡r ♣♦r❡s✳ ❚❤✐s ❞❛t❛ ✐s ♣r♦✈✐❞❡❞ ❛s ❙✉♣♣❧❡♠❡♥t❛r② ■♥❢♦r♠❛t✐♦♥✳
❉✐s❝✉ss✐♦♥
❚❤r♦✉❣❤♦✉t t❤✐s s✐♠✉❧❛t✐♦♥ st✉❞② ✇❡ ❤❛✈❡ ❛♥❛❧②s❡❞ ❛ r❛♥❣❡ ♦❢ ❡♠❡r❣❡♥t str✉❝t✉r❛❧ ❝♦♠✲
♣❧❡①✐t② ♦❢ ♣r♦t❡✐♥ ❤②❞r♦❣❡❧ ♥❡t✇♦r❦s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ✈❛r✐♦✉s ❡①♣❡r✐♠❡♥t❛❧❧② ❝♦♥tr♦❧❧❛❜❧❡
♣❛r❛♠❡t❡rs✳ ●✐✈❡♥ t❤❡ t✐♠❡s❝❛❧❡s ✐♥✈♦❧✈❡❞✱ ✇❡ ❤②♣♦t❤❡s✐s❡ t❤❛t t❤❡s❡ ♥❡t✇♦r❦s r❡♣r❡s❡♥t
t❤❡ st❛t❡ ♦❢ t❤❡ ♣r♦t❡✐♥ ❤②❞r♦❣❡❧ ♥❡t✇♦r❦ ♣r✐♦r t♦ t❤❡ ♦♥s❡t ♦❢ s✇❡❧❧✐♥❣ ❛♥❞ s✉❜s❡q✉❡♥t ♣r♦✲
t❡✐♥ ✉♥❢♦❧❞✐♥❣✳ ❲❡ ❤❛✈❡ ❢♦✉♥❞ t❤❛t ❛t t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣r♦t❡✐♥ ❧❡✈❡❧✱ t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ fv
❤❛s ♦♥❧② ❛ s♠❛❧❧ ❡✛❡❝t ♦♥ t❤❡ ❝r♦ss✲❧✐♥❦ ❝♦♦r❞✐♥❛t✐♦♥ ♥✉♠❜❡r Ccl✳ ■♥st❡❛❞✱ ❡✈❡♥ t❤♦✉❣❤
s❛t✉r❛t✐♦♥ ✐s ♥❡✈❡r ❛❝❤✐❡✈❡❞✱ ✐t ✐s t❤❡ ❜✐♥❞✐♥❣ s✐t❡ t♦♣♦❧♦❣② ♦❢ ❡❛❝❤ ♣r♦t❡✐♥ s✉❜✉♥✐t ✭r❡♣r❡✲
s❡♥t❡❞ ❜② Ns✮ ✇❤✐❝❤ ❞♦♠✐♥❛t❡s t❤❡ ❧♦❝❛❧ ❝r♦ss✲❧✐♥❦✐♥❣✳ ❚❤✐s ❢❡❛t✉r❡ s❝❛❧❡s ✉♣ t♦ t❤❡ ♥❡t✇♦r❦
❧❡✈❡❧✱ ✇❤❡r❡ ❛ ❤✐❣❤❡r ✈❛❧✉❡ ♦❢ Ns✱ ❛♥❞ t❤✉s ❛ ❤✐❣❤❡r Ccl✱ ❧❡❛❞s t♦ ❛ ❧♦✇❡r ✈❛❧✉❡ ♦❢ t❤❡ ❢r❛❝t❛❧
❞✐♠❡♥s✐♦♥ Df ✳ ❲❡ ❝❛♥ ✐♥❢❡r ❢r♦♠ t❤✐s t❤❛t s♣❡❝✐✜❝ ❞❡s✐❣♥ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣r♦t❡✐♥ s✉❜✉♥✐ts
❝❛♥ ❧❡❛❞ t♦ ❛ ♠♦r❡ ✭♦r ❧❡ss✮ ❜r❛♥❝❤❡❞ str✉❝t✉r❡✳
❲❡ ❤❛✈❡ ❛❧s♦ s❡❡♥ t❤❛t ✇❤✐❧st ♥♦t ❝❤❛♥❣✐♥❣ t❤❡ ❧♦❝❛❧ ❝r♦ss✲❧✐♥❦ ❝♦♦r❞✐♥❛t✐♦♥✱ ✐♥❝r❡❛s✐♥❣
t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ♦✛s❡ts ❛ ❧♦✇❡r✐♥❣ ♦❢ t❤❡ ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥ s✐♠♣❧② ❜② ✜❧❧✐♥❣ ✐♥ t❤❡ ❡♠♣t②
s♣❛❝❡ ✇✐t❤✐♥ t❤❡ ♥❡t✇♦r❦✳ ❚❤✐s ❝♦♠❡s ✇✐t❤ ❛♥ ❛ss♦❝✐❛t❡❞ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♦✈❡r❛❧❧ s♣❛t✐❛❧
❝r♦ss✲❧✐♥❦ ❞❡♥s✐t② ncl✱ ❛s ❡❛❝❤ ♥❡✇ ♣r♦t❡✐♥ ❝❛♥ ❛♥❞ ✇✐❧❧ ❢r♦♠ ❛❞❞✐t✐♦♥❛❧ ❝r♦ss✲❧✐♥❦s✱ ❜✉t ❛❧s♦
✷✵
✇✐t❤ ❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ❡①♣❡❝t❡❞ ♣♦r❡ s✐③❡ ❛♥❞ ❛ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ r❛♥❣❡ ♦❢ ♣♦r❡ s✐③❡s✳ ❆s ❛♥
✐♥❝r❡❛s❡ ✐♥ Ns ❛❧s♦ s❧✐❣❤t❧② r❡❞✉❝❡s t❤❡ ❡①♣❡❝t❡❞ ♣♦r❡ s✐③❡✱ ✇❡ ❝❛♥ t❤❡r❡❢♦r❡ ✐♥❢❡r t❤❛t ❛♥
✐♥❝r❡❛s❡❞ ❝r♦ss✲❧✐♥❦ ❞❡♥s✐t② ♠✉st ❜❡ tr❛❞❡❞ ♦✛ ✇✐t❤ ❛ ❞❡❝r❡❛s❡ ✐♥ ♣♦r❡ s✐③❡s✳ ❚❤✐s ❜❡❤❛✈✐♦✉r
✐s ❛❧s♦ ♦❜s❡r✈❡❞ ✐♥ st❛♥❞❛r❞ ❜✐♦♣♦❧②♠❡r ❤②❞r♦❣❡❧s✼ ✇❤❡r❡ ✐t ❝❛♥ ❜❡ ❧✐♥❦❡❞ t♦ st✐✛♥❡ss✱✺✶ ❛♥❞
✐s ❧✐❦❡❧② ❛ ❣❡♥❡r❛❧ ♣❤❡♥♦♠❡♥♦♥✳
❋✐♥❛❧❧②✱ t❤❡ ❡✛❡❝t ♦❢ ✐♥❝r❡❛s✐♥❣ t❤❡ ♣r♦t❡✐♥ r❛❞✐✉s R ✐s ❛ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ♦✈❡r❛❧❧ s♣❛t✐❛❧
❝r♦ss✲❧✐♥❦ ❞❡♥s✐t② ✇❤✐❧st r❡t❛✐♥✐♥❣ t❤❡ ❧❛❝❦ ♦❢ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ❢♦r t❤❡
❝r♦ss✲❧✐♥❦ ❝♦♦r❞✐♥❛t✐♦♥ ♥✉♠❜❡r✳ ■♥ t❤❡ ❧✐♠✐t ♦❢ r❡❧❛t✐✈❡❧② s♠❛❧❧ ♦r s♦❢t ♣r♦t❡✐♥s ✇❡ ♠❛② ❛❧s♦
♦❜s❡r✈❡ ♠✉❧t✐♣❧❡ ❝r♦ss✲❧✐♥❦s ❢♦r♠✐♥❣ ❜❡t✇❡❡♥ ♣❛✐rs ♦❢ ♣r♦t❡✐♥s ❜✉t ✐♥ ❣❡♥❡r❛❧✱ ❜② ✐♥❝r❡❛s✐♥❣
t❤❡ s✐③❡ ♦❢ ❛ ♣r♦t❡✐♥ ✭✇❤✐❧st ❦❡❡♣✐♥❣ t❤❡ s❛♠❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥✮✱ ✇❡ ❛r❡ ❡✛❡❝t✐✈❡❧② r❡♣❧❛❝✐♥❣
❝♦✈❛❧❡♥t ❝r♦ss✲❧✐♥❦s ✇✐t❤ t❤❡ ✐♥tr❛✲♣r♦t❡✐♥ ❜♦♥❞s ❜❡t✇❡❡♥ ❢♦❧❞❡❞ ❛♠✐♥♦ ❛❝✐❞ ❝❤❛✐♥s✳ ❆s ❛
s♠❛❧❧ s✐❞❡ ♥♦t❡✱ ✐t ❤❛s ❜❡❡♥ ❦♥♦✇♥ ❢♦r t❤❡ ❧❛st ❞❡❝❛❞❡ ✐♥ t❤❡ ✜❡❧❞ ♦❢ ❝♦❧❧♦✐❞❛❧ ❣❧❛ss❡s t❤❛t
t❤❡ ❡✛❡❝t ♦❢ s♦❢t ♣❛rt✐❝❧❡s ❛❧❧♦✇s ❢♦r ♥♦✈❡❧ t②♣❡s ♦❢ ♠❡❝❤❛♥✐❝❛❧ ❜❡❤❛✈✐♦✉r t♦ ❡♠❡r❣❡ ❛t ❤✐❣❤
✈♦❧✉♠❡ ❢r❛❝t✐♦♥s✱ ❝❧♦s❡ t♦ t❤❡ ❣❧❛ss tr❛♥s✐t✐♦♥✳✻✸✕✻✺ ❋♦r ❡①❛♠♣❧❡✱ ✇❤❡r❡ ❛ ❤❛r❞ ❝♦❧❧♦✐❞ ✇♦✉❧❞
♥♦t ❜❡ ❛❜❧❡ t♦ ❝♦♥t✐♥✉❡ t♦ ❞✐✛✉s❡ ♣❛st ✐ts ❝❧♦s❡❧② ♣❛❝❦❡❞ ♥❡✐❣❤❜♦✉rs✱ ❛ s♦❢t ❝♦❧❧♦✐❞ ❝♦✉❧❞
♣❤②s✐❝❛❧❧② ❞❡❢♦r♠ ✐♥ ♦r❞❡r t♦ ❝♦♥t✐♥✉❡ t♦ ❞✐✛✉s❡✱ ❛❧❜❡✐t ♦✈❡r ♠✉❝❤ ❧♦♥❣❡r t✐♠❡ s❝❛❧❡s✱ ✐♥
❛ ♣❤❡♥♦♠❡♥♦♥ ✐s ❦♥♦✇♥ ❛s ❝❛❣❡✲❜r❡❛❦✐♥❣✳✺✽✱✻✺ ❘❡❝❡♥t ✇♦r❦ ♦♥ ❝♦❧❧♦✐❞❛❧ ❣❡❧s s✉❣❣❡sts t❤❛t
❡❧❛st✐❝ ❡✛❡❝t ♠❛② ❜❡❣✐♥ t♦ ❡♠❡r❣❡ ❛t ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s ♠✉❝❤ ❧♦✇❡r t❤❛♥ t❤❡ s②st❡♠✲✇✐❞❡
❣❧❛ss tr❛♥s✐t✐♦♥ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ❞✉❡ t♦ t❤❡ ❡✛❡❝ts ♦❢ ❧♦❝❛❧❧② ♣❛❝❦❡❞ ❝❧✉st❡rs✳✻✻ ❍❡r❡✱ ✐t ✐s
✐♥t❡r❡st✐♥❣ t♦ ♦❜s❡r✈❡ t❤❛t ♠✐❝r♦s❝♦♣✐❝ ✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡ s❤❛♣❡ ♦❢ ♥❛♥♦s❝❛❧❡ ♦❜❥❡❝ts s✉❝❤ ❛s
❣❧♦❜✉❧❛r ♣r♦t❡✐♥s ♠❛② ❛❧s♦ ❧❡❛❞ t♦ ❞❡❢♦r♠❛t✐♦♥ s✐❣♥✐✜❝❛♥t ❡♥♦✉❣❤ t♦ ❝❛✉s❡ ♥♦♥✲❡q✉✐❧✐❜r✐✉♠
❡✛❡❝ts✱ s✉❝❤ ❛s ❦✐♥❡t✐❝ ❢♦r♠❛t✐♦♥ ♦❢ ♥❡✇ ❝r♦ss✲❧✐♥❦s✳
❱❛r✐♦✉s ❤②♣♦t❤❡s❡s ♠❛② ❜❡ ❞r❛✇♥ ❢r♦♠ t❤❡s❡ ♦❜s❡r✈❛t✐♦♥s✳ ❋✐rst✱ t❤❡ ❞✐✛❡r❡♥❝❡s ✐♥
♥❡t✇♦r❦ t♦♣♦❧♦❣② ❝♦✉♣❧❡❞ t♦ t❤❡ str✉❝t✉r❡ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ♣r♦t❡✐♥ s✉❜✉♥✐ts ✐♠♣❧✐❡s t❤❛t ✇❡ ❝❛♥
❛❧t❡r ❤♦✇ ❢♦r❝❡ ✐s ❞✐str✐❜✉t❡❞ ❛r♦✉♥❞ t❤❡ ♥❡t✇♦r❦ s✐♠♣❧② ❜② ❛❧t❡r✐♥❣ ❝r♦ss✲❧✐♥❦ t♦♣♦❧♦❣② ♦❢
t❤❡ ♣r♦t❡✐♥ s✉❜✉♥✐t✳ ■♥ ❝♦♥tr❛st t♦ t❤❡ ❡①❛♠♣❧❡s ❣✐✈❡♥ ✐♥ t❤❡ s❡♠✐♥❛❧ ✇♦r❦ ♦❢ ❲✉ ❡t ❛❧ ✱✷✻
✐♥ ✇❤✐❝❤ ♠✉❧t✐♣❧❡ t②♣❡s ♦❢ ♣r♦t❡✐♥ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ✇✐t❤ ❞✐✛❡r❡♥t ✐♥tr✐♥s✐❝ ♣r♦♣❡rt✐❡s ❛r❡ ❣✐✈❡♥
✷✶
s♣❡❝✐✜❝ ♠❡❝❤❛♥✐❝❛❧ r♦❧❡s ✇✐t❤✐♥ t❤❡ ♥❡t✇♦r❦✱ r♦❧❡s s✉❝❤ ❛s t❤❡ ❵❧♦❛❞✲❜❡❛r✐♥❣ ♠♦❞✉❧❡s✬✱ ♦✉r
s✐♠✉❧❛t✐♦♥s ✐♥st❡❛❞ s✉❣❣❡st t❤❛t t❤❡ ♥❡t✇♦r❦ str✉❝t✉r❡ ✐ts❡❧❢ ♠❛② ❜❡ ❛❧t❡r❡❞ ✇❤✐❧st r❡t❛✐♥✐♥❣
t❤❡ ♣r♦t❡✐♥ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ✭❛❧❜❡✐t ✇✐t❤ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t r❡s✐❞✉❡ str✉❝t✉r❡ t♦ ❛❧t❡r t❤❡
❜✐♥❞✐♥❣ s✐t❡ t♦♣♦❧♦❣②✮✳ ❚❤✉s t❤❡ r♦❧❡ ♦❢ ❧♦❛❞✲❜❡❛r✐♥❣ ♠♦❞✉❧❡ ✐♥ ♦✉r s②st❡♠s ✇♦✉❧❞ ♥♦t ❜❡
❞❡❝✐❞❡❞ ❜② t❤❡ ✐♥tr✐♥s✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣r♦t❡✐♥ s✉❜✉♥✐t✱ ❜✉t ✐♥st❡❛❞ ❜② ✐ts ❧♦❝❛t✐♦♥ ✇✐t❤✐♥
t❤❡ ♥❡t✇♦r❦ ❤✐❡r❛r❝❤②✳ ■❢ ✇❡ ❛ss✉♠❡ ❡q✉✐♣❛rt✐t✐♦♥ ♦❢ t❤❡r♠❛❧ ❡♥❡r❣② ✇✐t❤✐♥ ❡❛❝❤ ❝r♦ss✲❧✐♥❦✱
✉s✐♥❣ ♦✉r ✈❛❧✉❡ ♦❢ kcl✱ ✇❡ ✜♥❞ t❤❛t t❤❡ ❡①♣❡❝t❡❞ ❡❧❛st✐❝ ❢♦r❝❡ ❞✉❡ t♦ t❤❡r♠❛❧ ✢✉❝t✉❛t✐♦♥s ✐s
∼ 40♣◆ ♣❡r ❝r♦ss✲❧✐♥❦ ✱ s❤♦✇✐♥❣ t❤❛t t❤❡ str❡ss❡s t❤❡s❡ ♣r♦t❡✐♥s ❛r❡ ❡①♣❡r✐❡♥❝✐♥❣ ❡✈❡♥ ✐♥ t❤❡✐r
♠♦st r❡❧❛①❡❞ st❛t❡ ✐s r❡❧❛t✐✈❡❧② ❤✐❣❤✱ ❛♥❞ ❡✈❡♥ ♦♥ t❤❡ ✈❡r❣❡ ♦❢ ✉♥❢♦❧❞✐♥❣ ❛❧r❡❛❞②✳✸✺✱✻✼ ❋✐❣✉r❡ ✽❛
s❤♦✇s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡s❡ ❢♦r❝❡s ❢♦r ♦♥❡ ♦❢ ♦✉r s✐♠✉❧❛t✐♦♥s✱ ❝♦❧♦✉r❡❞ ❜② t❤❡ ✐♥st❛♥t❛♥❡♦✉s
❢♦r❝❡s t❤❡② ❛r❡ ❡①♣❡r✐❡♥❝✐♥❣✱ s❤♦✇✐♥❣ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❢♦r❝❡ ❞✐str✐❜✉t✐♦♥ t❤r♦✉❣❤♦✉t t❤❡s❡
♥❡t✇♦r❦s✳ ❆♥❞ ✐♥❞❡❡❞✱ ❋✐❣✉r❡ ✽❜ s❤♦✇s t❤❛t t❤❡ ✐♥st❛♥t❛♥❡♦✉s ❢♦r❝❡ ❡①♣❡r✐❡♥❝❡❞ ❜② ❡❛❝❤
♣r♦t❡✐♥ ✐s ❛♣♣r♦①✐♠❛t❡❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❝♦♦r❞✐♥❛t✐♦♥ ♥✉♠❜❡r✳ ❍♦✇❡✈❡r✱ t❤❡ ♣r♦t❡✐♥s
❛t ❤✐❣❤❡r ❝♦♦r❞✐♥❛t✐♦♥ ♥✉♠❜❡rs ❛r❡ ❝❧❡❛r❧② ♠♦r❡ ❞❡❡♣❧② ♣❛❝❦❡❞ ✐♥t♦ t❤❡ ❝❧✉st❡rs✱ ❛♥❞ s♦
t❤❡r❡ ♠❛② ❜❡ ♥♦ s♣❛❝❡ ❢♦r t❤❡♠ t♦ ✉♥❢♦❧❞ ✐♥t♦✳ ❊♥tr♦♣②✱ ❛♥❞ ♣❛❝❦✐♥❣✱ ❛r❡ ❛❧s♦ ❢❛❝t♦rs✳ ❋♦r
❤②❞r♦❣❡❧s ✇❤♦s❡ ✈✐s❝♦❡❧❛st✐❝ r❡s♣♦♥s❡ ✐s ♠❡❞✐❛t❡❞ ❜② ♣r♦t❡✐♥ ✉♥❢♦❧❞✐♥❣✱✷✼✱✷✾✱✸✵✱✹✾ ❝♦♥tr♦❧ ♦✈❡r
❤♦✇ t❤✐s ❢♦r❝❡ ❛♥❞ t❤❡ ❢♦r❝❡s ♦❢ s✇❡❧❧✐♥❣ ❛♥❞ ❡①t❡r♥❛❧ str❡ss❡s ❛r❡ ❞✐str✐❜✉t❡❞ t❤r♦✉❣❤♦✉t t❤❡
s②st❡♠ ✐s t❤❡r❡❢♦r❡ ✈✐t❛❧ ❢♦r r❛t✐♦♥❛❧ ❞❡s✐❣♥✳✺✺
■♥t❡r❡st✐♥❣❧②✱ ❍✉❣❤❡s ❡t ❛❧✳ ❡①♣❡r✐♠❡♥t❛❧❧② ♠❡❛s✉r❡ ❤✐❣❤❡r ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥s t❤❛♥ ✇❡
❞♦ ❢♦r t❤❡ ❝❧✉st❡rs ♣r❡s❡♥t ✐♥ t❤❡✐r ❣❧♦❜✉❧❛r ▼❇P ❤②❞r♦❣❡❧s✱ ✇❤✐❝❤ ❛r❡ ❜❡st r❡♣r❡s❡♥t❡❞
❜② ♦✉r R = 2.5♥♠✱ fv = 0.1✱ Ns = 14 s✐♠✉❧❛t✐♦♥ s❡t✳ ❯s✐♥❣ ❜♦① ❝♦✉♥t✐♥❣✱ ✇❡ ♠❡❛s✉r❡
Df = 2.30 ± 0.02 ✇❤❡r❡❛s ✉s✐♥❣ ❙❆◆❙ ♠❡❛s✉r❡♠❡♥ts t❤❡② ♠❡❛s✉r❡ Df = 2.41 ± 0.05✱ ❛♥❞
✉s✐♥❣ ❙❆❳❙ 2.60±0.03✳ ●✐✈❡♥ t❤❛t t❤❡ ❞✐✛✉s✐♦♥✲❧✐♠✐t❡❞ ❝♦♥♥❡❝t✐✈✐t② ✇✐❧❧ ❧✐❦❡❧② ❜❡ ❝♦♥s❡r✈❡❞
✉♣♦♥ ✉♥❢♦❧❞✐♥❣✱ ❛s ♣r♦t❡✐♥s ✇✐❧❧ ✉♥❢♦❧❞ ❜❡❢♦r❡ t❤❡ ❝r♦ss✲❧✐♥❦s ✇✐❧❧ ❜r❡❛❦✱ t❤✐s ❞✐s❝r❡♣❛♥❝②
str♦♥❣❧② s✉❣❣❡sts t❤❛t t❤❡ s✉❜s❡q✉❡♥t ♣r♦t❡✐♥ ✉♥❢♦❧❞✐♥❣ ♣r❡s❡♥t ✐♥ t❤❡✐r ❣❡❧s ❝❛✉s❡s ❞❡♥s❡r
❝❧✉st❡rs t♦ ❢♦r♠ ✭✐✳❡✳ ❧♦❝❛❧❧② ✐♥❝r❡❛s❡s fv✮✳ ❲❡ ✐♥t❡♥❞ t♦ ❡①♣❧✐❝✐t❧② ♠♦❞❡❧ ♣r♦t❡✐♥ ✉♥❢♦❧❞✐♥❣




❋✐❣✉r❡ ✽✿ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❢♦r❝❡ ❛r♦✉♥❞ t❤❡ ♥❡t✇♦r❦ ❢♦r♠❡❞ ✇✐t❤ ♣r♦t❡✐♥s ♦❢ r❛❞✐✉s R =
2.5♥♠✱ Ns = 8 ❝r♦ss✲❧✐♥❦✐♥❣ s✐t❡s ❛♥❞ ❛ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ fv = 0.07✳ ❛✮ ❚❤❡ ♥❡t✇♦r❦ ✐ts❡❧❢✱
✇✐t❤ ♣r♦t❡✐♥s ❝♦❧♦✉r❡❞ t♦ r❡♣r❡s❡♥t t❤❡ ✐♥st❛♥t❛♥❡♦✉s ❝♦♥s❡r✈❛t✐✈❡ ❢♦r❝❡ ✭♠❛❣♥✐t✉❞❡✮ ❡❛❝❤ ✐s
❡①♣❡r✐❡♥❝✐♥❣✳ ❚❤❡ ♠❛①✐♠✉♠ ❢♦r❝❡✱ ✶✺✵♣◆✱ r❡♣r❡s❡♥ts t❤❡ ❛✈❡r❛❣❡ ✉♥❢♦❧❞✐♥❣ ❢♦r❝❡ ❝❛❧❝✉❧❛t❡❞
❢r♦♠ t❤❡ ♣r♦t❡✐♥s ❧✐st❡❞ ❜② ❇r♦❝❦✇❡❧❧ ❡t ❛❧✳ ✱✻✼ ❛♥❞ ❛♥② ♣r♦t❡✐♥ ❛❜♦✈❡ t❤✐s ❢♦r❝❡ ✐s ❝♦❧♦✉r❡❞ ❛t
t❤✐s ❧❡✈❡❧✳ ❜✮ ❚❤❡ ❛❝t✉❛❧ ❞✐str✐❜✉t✐♦♥s ♦❢ ❢♦r❝❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝♦♦r❞✐♥❛t✐♦♥ ♥✉♠❜❡r✱ ♣❧♦tt❡❞
❛s ❛ ❵✈✐♦❧✐♥✬ ♣❧♦t✳
✷✸
❲❡ ❤②♣♦t❤❡s✐s❡ t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♦✈❡r❛❧❧ ❝r♦ss✲❧✐♥❦ ❞❡♥s✐t② ❣❡♥❡r❛t❡❞ ❜② ❛♥ ✐♥❝r❡❛s❡
✐♥ fv ✇✐❧❧ ♣r♦✈✐❞❡ ♥❡✇✱ ❤♦♠♦❣❡♥❡♦✉s❧② ❞✐str✐❜✉t❡❞ ❧♦❛❞✲❜❡❛r✐♥❣ ♠♦❞✉❧❡s t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r
t❤❡ ❛❞❞✐t✐♦♥❛❧ ❡♥❡r❣② ❞❡♥s✐t② ❛❞❞❡❞ ✇❤❡♥ ♠♦r❡ ❝r♦ss✲❧✐♥❦s ❢♦r♠✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ ✇❡
✐♥st❡❛❞ ✐♥❝r❡❛s❡ Ns t❤❡♥ t❤♦s❡ ♥❡✇ ❝r♦ss✲❧✐♥❦s ♠✉st ❜❡ ❧♦❝❛❧✐s❡❞ t♦ t❤❡ ❡①✐st✐♥❣ ❧♦❛❞✲❜❡❛r✐♥❣
♠♦❞✉❧❡s✱ ❢✉rt❤❡r ✐♥❝r❡❛s✐♥❣ t❤❡ str❡ss✳ ❚❤✉s ✇❡ ♠✐❣❤t ❡①♣❡❝t t❤❡ ✐♥t❡r♥❛❧ str❡ss❡s ♦❢ ❡❛❝❤
♣r♦t❡✐♥ ✐♥❞✉❝❡❞ ❜② s✇❡❧❧✐♥❣ t♦ ❜❡ ❣r❡❛t❡r ❢♦r ❧❛r❣❡ Ns t❤❛♥ ❢♦r ❧❛r❣❡ fv✳ ❙✉❝❤ ❛ tr❡♥❞ ❝❛♥
♣❡r❤❛♣s ❛❧r❡❛❞② ❜❡ ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ r❡❝❡♥t ✇♦r❦ ♦❢ ◆❣✉②❡♥ ❡t ❛❧✳ ✱ ✇❤♦ ✐♥ ❛ s✐♠✐❧❛r ✈❡✐♥
♦❜s❡r✈❡❞ t❤❡ r❤❡♦❧♦❣✐❝❛❧ ❜❡❤❛✈✐♦✉r ♦❢ ♣❛t❝❤② ❝♦❧❧♦✐❞❛❧ ❣❡❧s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢
♣❛t❝❤❡s ♣❡r ❝♦❧❧♦✐❞ ✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛❧ ♦❢ ❡❛❝❤ ♣❛t❝❤✳✺✼ ❚❤❡② ❢♦✉♥❞ t❤❛t t❤❡ ♠❡❛s✉r❡❞
❧♦✇ ❢r❡q✉❡♥❝② st♦r❛❣❡ ♠♦❞✉❧✉s s✐❣♥✐✜❝❛♥t❧② ✐♥❝r❡❛s❡❞ ❛t ❜♦t❤ ❤✐❣❤❡r ✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛❧s
❛♥❞ ✇✐t❤ ♠♦r❡ ♣❛t❝❤❡s ♦♥ ❡❛❝❤ ❝♦❧❧♦✐❞✳ ❚❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ ♦❢ t❤❡✐r ✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛❧s
❝♦rr❡s♣♦♥❞ t♦ t❤❡ s✉❜✉♥✐ts ✉s❡❞ ✐♥ ♦✉r s✐♠✉❧❛t✐♦♥s✱ ✇✐t❤ ✉♥❜r❡❛❦❛❜❧❡ ❝♦✈❛❧❡♥t ❜♦♥❞s ❛♥❞
r❡❧❛t✐✈❡❧② st✐✛ ♣r♦t❡✐♥s✳ ❍♦✇ t❤❡s❡ ❛✛❡❝t t❤❡ r❡s✉❧t❛♥t ❡❧❛st✐❝✐t✐❡s ❢♦r ♣r♦t❡✐♥ ❤②❞r♦❣❡❧s✱
t❤♦✉❣❤✱ ✇✐❧❧ ❧✐❦❡❧② ❞❡♣❡♥❞ ✉♣♦♥ t❤❡ ✉♥❢♦❧❞✐♥❣ ❦✐♥❡t✐❝s ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣r♦t❡✐♥s✳
❆s✐❞❡ ❢r♦♠ t❤❡ ❡❧❛st✐❝ r❡s♣♦♥s❡✱ ♦✉r ❛♥❛❧②s✐s ♦❢ t❤❡ ♣♦r❡ s✐③❡ ❞✐str✐❜✉t✐♦♥s ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ s✉❣❣❡sts t❤❛t ❛❢t❡r s✇❡❧❧✐♥❣✱ ♦r ❡✈❡♥ ♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❡①t❡r♥❛❧ ❢♦r❝❡s
✇❤❡r❡ t❤❡ ❡✛❡❝t✐✈❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ✇✐❧❧ ❞❡❝r❡❛s❡✱ ✇❡ ♠❛② ❜❡ ❛❜❧❡ t♦ ✐♥❝r❡❛s❡ t❤❡ ❡✛❡❝t✐✈❡
❞✐✛✉s✐♦♥ ❝♦♥st❛♥t ♦❢ ♦✉r ♠❛t❡r✐❛❧ ❜② ♦♣❡♥✐♥❣ ✉♣ ♥❡✇ ♣❛t❤✇❛②s ❢♦r tr❛♥s♠✐ss✐♦♥ ✐✳❡✳ ♣r♦✈✐❞✲
✐♥❣ ♠♦r❡ s♣❛❝❡ ❢♦r ❞✐✛✉s✐♦♥ t♦ ♦❝❝✉r✳ ❋♦r ♦❜❥❡❝ts ♦♥ t❤❡ ♦r❞❡r ♦❢ t❤❡ ♣♦r❡s t❤❡♠s❡❧✈❡s✱ s✉❝❤
❛s s♠❛❧❧ ♥❛♥♦❜✉❜❜❧❡s✱✻✽ t❤✐s ♠❛② ❡♥❛❜❧❡ ❛ tr❛♥s❢♦r♠❛t✐♦♥ ❜❡t✇❡❡♥ ♣♦r♦✉s ❛♥❞ ♥♦♥✲♣♦r♦✉s
st❛t❡s✳ ❋✐♥❛❧❧②✱ ❜❡❝❛✉s❡ t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ❛❧t❡rs ❤♦✇ ♠✉❝❤ s♣❛❝❡ ✐s ✜❧❧❡❞✱ ✐t ❛❧s♦ ❞✐r❡❝t❧②
❛✛❡❝ts ❝❧✉st❡r ❞✐✛✉s✐♦♥ ❛♥❞ ✜rst✲♣❛ss t✐♠❡s✳ ■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ❞✐✛✉s✐♦♥✲❧✐♠✐t❡❞ ❛❣❣r❡❣❛✲
t✐♦♥ ❧❡❛❞s t♦ ❛ ❧♦✇❡r ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥ t❤❛♥ r❡❛❝t✐♦♥✲❧✐♠✐t❡❞ ❛❣❣r❡❣❛t✐♦♥ ❞♦❡s✱✻✾ ❛♥❞ s♦ ❢r♦♠
t❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇ ✇❤❛t ✇❡ ❛r❡ s❡❡✐♥❣ ❛t ❤✐❣❤❡r ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s ✐s ♦✉r s②st❡♠s ♠♦✈✐♥❣ ❝❧♦s❡r
t♦ ❛ r❡❛❝t✐♦♥✲❧✐♠✐t❡❞ ❛❣❣r❡❣❛t✐♦♥ r❡❣✐♠❡ ❜② r❡❞✉❝✐♥❣ t❤❡ r❡❧❛t✐✈❡ ❞✐✛✉s✐♦♥ t✐♠❡s ❜❡t✇❡❡♥
✐♥t❡r♠❡❞✐❛t❡ ❝❧✉st❡rs✳ ❍♦✇❡✈❡r✱ ❛s ♦✉r r❡❛❝t✐♦♥ r❛t❡ ✇❛s s❡t t♦ ❜❡ ✐♥✜♥✐t❡✱ ✇❡ ❝♦✉❧❞ ♥❡✈❡r
tr✉❧② ❡♥t❡r t❤❡ r❡❛❝t✐♦♥✲❧✐♠✐t❡❞ r❡❣✐♠❡ ❛♥❞ ❤❡♥❝❡✱ ❛s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ❋✐❣✉r❡ ✺✱ ♦✉r ❢r❛❝t❛❧
✷✹
❞✐♠❡♥s✐♦♥s ❛♥❞ ❛ss♦❝✐❛t❡❞ ♣♦r❡ s✐③❡s ❡✈❡♥t✉❛❧❧② ♣❧❛t❡❛✉✳ ■❢ ✇❡ ✇✐s❤ t♦ s✉r♣❛ss t❤✐s ❢r❛❝t❛❧
❞✐♠❡♥s✐♦♥ ❧✐♠✐t✱ ❛♥❞ ❝r❡❛t❡ ❞❡♥s❡r ❣❡❧s✱ ❛ s✐❣♥✐✜❝❛♥t r❡❞✉❝t✐♦♥ ✐♥ t❤❡ r❡❛❝t✐♦♥ r❛t❡ ♠❛② ❜❡
r❡q✉✐r❡❞ t♦ ❡♥t❡r t❤❡ r❡❛❝t✐♦♥ ❧✐♠✐t❡❞ ❛❣❣r❡❣❛t✐♦♥ r❡❣✐♠❡✳ ❆s ✇✐t❤ ❜✐♦♣♦❧②♠❡r ❤②❞r♦❣❡❧s✱
❝♦♥tr♦❧ ♦✈❡r t❤❡ r❡❛❝t✐♦♥ ❦✐♥❡t✐❝s ♦❢ ♣r♦t❡✐♥ ❤②❞r♦❣❡❧s ✐s ❛ ❢✉rt❤❡r ♣❛r❛♠❡t❡r t♦ ❜❡ ✐♥✈❡s✲
t✐❣❛t❡❞✳ ❆❞❞✐t✐♦♥❛❧ ✇♦r❦✱ ❜♦t❤ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧✱ ✐s r❡q✉✐r❡❞ t♦ ✐♥✈❡st✐❣❛t❡
t❤❡s❡ str✉❝t✉r❛❧ ❤②♣♦t❤❡s❡s✳
❚♦ ❝♦♥❝❧✉❞❡✱ t❤❡ s✐♠✉❧❛t✐♦♥s ✇❡ ❤❛✈❡ ♣❡r❢♦r♠❡❞ ❤❡r❡ ❛♥❞ t❤❡✐r r❡s✉❧t❛♥t str✉❝t✉r❡s r❡♣✲
r❡s❡♥t ❛ ♣♦t❡♥t✐❛❧ st❛rt✐♥❣ ♣♦✐♥t ❢r♦♠ ✇❤✐❝❤ ❤②❞r♦❞②♥❛♠✐❝ s✇❡❧❧✐♥❣ ❛♥❞ ♣r♦t❡✐♥ ✉♥❢♦❧❞✐♥❣
❝❛♥ ❜❡❣✐♥✳ ❋r♦♠ t❤✐s ♣♦✐♥t✱ ✐t ✐s ❝❧❡❛r t❤❛t ✐♥s✐❣❤t ❢r♦♠ t❤❡ ❝♦❧❧♦✐❞❛❧ ❣❡❧ ❝♦♠♠✉♥✐t② ✇✐❧❧ ❜❡
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